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Chapter 1
General
1.1 Introduction
For decades, the microelectronics is the key-technology whose device structures
are widely adopted for industry production being in great market demand. Giant
efforts and resources are directed to the growth of the microelectronics in such
industry developed countries as Japan, Germany and the USA. Alone in Germany,
expenditures in the field of the microelectronics account for more than a third
of the annual turnover (circa 600 milliard DM) with 3 million workers involved
in this sphere [1]. Nowadays, development of submicron electronic structures is
being pursued in many countries because these structures give promise of new
material systems with enhanced optical, transport and thermalization properties
that could make an impact in a variety of technologies, including semiconductor
lasers and modulators, detectors, and optical filters.
Recent rapid advances in semiconductor technology of ultrafine lithography
and modern etching technique have enable the fabrication of a large diversity
of ultra-narrow synthetic structures with perfect atomic interfaces separating
different materials including silicon, III-V and II-IV semiconductors and others
([2], for a review see [3, 4, 5]). In these material systems, both composition and
doping can be controlled on a scale of the order of the de Broglie wavelength
of carriers. Such a class of artificial semiconductor nanostructures (contacts of
metal-insulator-semiconductor types, heterojunctions, superlattices, etc.) with
dimensions in the range of 1−100 nm has opened up a new dimension in solid state
13
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and semiconductor physics in the regime when the quantum size effect appears.
This new freedom in engineering the electronic states and their properties offer a
feasibility to study physics laws in real low dimensional systems and an exciting
potential for electronic applications as well for investigations of new tantalizing
phenomena principal for fundamental physics.
During the last decade, the semiconductor nanoscale systems with carrier
confinement in one (quantum wells [QW]), two (quantum wires [QWr]), and all
three dimensions (quantum dots [QD]) have been studied intensively in theory
and experiment [6, 7, 8] to characterize, understand conceptually, and exploit
quantum effects in technologically important semiconductor device structures.
Already, a set of novel results such as the weak and Anderson localization [9], the
effect of very high electron mobility in modulation doped heterojunctions [10, 11]
has been discovered in 2D nanosystems. Quantum effects in 2D nanosystems have
been exploited to provide enhanced semiconductor lasers, a new class of infrared
detectors, and resonant tunneling diodes. The high electron mobility transistors
on GaAs heterostructures are used in a source-drain channel to construct high
frequency amplifiers with the limiting frequency above than 100 GHz [12].
However, investigations of nanosystems with a two dimensional electron gas
(2DEG) is frequently connected with the use of high magnetic fields. For example,
high mobility samples with the 2DEG of nanoscale dimensions exposed to the
normal high magnetic field exhibit quantized resistance (the integer quantum
Hall effect [QHE], [13], for a review see [14]) and exotic charge correlation (the
fractional QHE, [15, 16], for a review see [17]). Understanding the integer and the
fractional QHE has intrigued and challenged researchers for more than 10 years
now, both for the wide range of new phenomena discovered [18, 19, 20, 21, 22]
and for the potential for high precision metrology based on the QHE [23, 24].
Another key feature of the 2DEG in the QHE geometry is the existence of
quantum edge states localized in the vicinity of the sample boundary. The quan-
tization of the Hall resistance into the h/e2 portions can be explained easily
under assumption that the edge states are not influenced by scattering and the
transport is adiabatic (see reviews on the edge states and QHE [21, 25, 26] and
references cited therein).
QWrs and QDs give promise to provide even greater enhancement in optical
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and relaxation properties of semiconductor device structures because the wave
functions are further compressed by lateral confinement and the quantum effects
can be used to concentrate the optical oscillator strengths at the active transitions
[27, 28, 29]. In this limit these structures behave as manmade artificial quasiatoms
[30]. Furthermore, these structures under different new environments exhibit
discrete charging effects and give promise of devices operating in the limit of
single electron transport.
Carrier scattering is a fundamental process that always exist in crystals.
Characterizing and understanding carrier scattering processes in the quantum
nanosystems are critical both for unraveling the basic phenomena of quantum ef-
fects in nanophysics and for controlling carrier dynamics in the nanoscale device
structures, such as relaxation rates for carrier thermalization, equilibration and
Auger scattering rates for carrier distribution, and diffusion rates for carrier trans-
port. Carrier scattering is strategic for identifying the lateral confinement effects
and for developing enhanced, useful device structures. For example, blueshifts in
QWr photoluminescence are typically attributed to lateral confinement. Recently,
blueshifts observed in QWr magneto-photoluminescence have been attributed to
suppression of carrier transport and incomplete relaxation in QWrs [31] rather
than to lateral confinement induced level shifts. Small deep-dry-etched QDs of-
ten exhibit poor luminescence efficiency. It has been suggested that this poor
luminescence has an intrinsic origin, resulting from a suppression of phonon scat-
tering in small QDs that leads to a ”phonon bottleneck” for electron relaxation
[32, 33]. If this intrinsic mechanism for suppressing luminescence dominates ex-
trinsic effects due to processing, then the possibilities for using the effectively 0D
nanosystems (QDs, QWrs and 2D nanostructures in normal quantizing magnetic
fields) in any application that relies on carrier relaxation, such as injection lasers,
would be severely limited. Thus it is critical that the character of carrier scat-
tering, relaxation and transport in effectively 0D nanostructures be established
thoroughly to separate transport from confinement effects and better control and
relieve the suppression of transport. Multiphonon processes [34] provide addi-
tional evidence for this phonon bottleneck in these 0D systems [35]. It has been
suggested that multiphonon processes [36] and Auger scattering [37] can break
this ”bottleneck”. in deep-etched QDs. Thus a careful analysis of all of these
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scattering mechanisms for low dimensional nanostructures is imperative. Clearly,
recent theoretical progress, and the many experiments in this hot topic will lead
to a number of novel questions.
In this work I present theoretical investigations of carrier scattering in quan-
tum nanosystems carried out during the last ten years by coworkers and me.
Carrier interaction with phonons, photons, impurities, and electrons in semicon-
ductor nanoscale systems with carrier confinement in one and two dimensions in
zero and quantizing magnetic fields has been addressed. Most importantly, our
calculations allow to better understand phonon signature in optical, thermaliza-
tion, and transport experiments that can be used to identify and characterize the
basic phenomena of quantum confinement in these quantum nanostructures.
1.2 Scientific novelty and practical value of the
dissertation
We have investigated peculiarities of the polaron (elementary excitations in the
electron+phonon system) spectrum near the longitudinal optical phonon emission
threshold. In spite of weak electron-phonon coupling, we have obtained that in
the 2DEG in the QHE geometry, new complex quasiparticles, electron-phonon
bound states, appear in magneto-polaron spectrum. They constitute an infinite
set which is coagulated to the threshold both above and below it [38, 39]. In
contrast to the virtual phonons taking part in the formation of the usual Fro¨lich
polaron, phonons in the bound states are almost real. The characteristic scale of
the binding energies is essentially greater than the corresponding scale in massive
samples.
The existence of the electron-phonon bound states results to the fine structure
of the cyclotron-phonon resonance [40]. According to the perturbation theory,
photon absorption was to be expected at the phonon emission threshold. In
reality, the perturbation theory becomes inapplicable in the immediate vicinity
of the threshold. The true spectrum is obtained from the solution of an inte-
gral equation for the electron-phonon scattering amplitude. Absorption entirely
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governed by the bound states with the total angular momentum ±1. The ab-
sorption spectrum consists of two groups of peaks which are approximately of
the same amplitude and are located approximately asymmetrically relative to
the ”threshold”.
Our calculations explain the dynamics of carrier relaxation in the 1D and
2D quantum nanosystems both in zero and quantizing magnetic fields. Under-
standing and controlling this dynamics is critical because rapid carrier relaxation
is crucial for many of the technological applications proposed for semiconductor
nanoscale quantum devices. We have investigated thoroughly the main relaxation
characteristics of 1D and 2D electron systems due to acoustic phonon (deforma-
tion DA and piezoelectric PA) and polar optical PO phonon scattering.
Special attention has been paid to the presence of various interfaces separating
different materials in 2D nanostructures. These interfaces influence the acoustic
phonon normal modes and can affect essentially electron-phonon interaction. We
have proposed a new method for calculating the probability of electron scattering
from the deformation potential of acoustic phonons [41]. Such a probability
summed over all phonon modes of the layered elastic medium can be expressed
in terms of the elasticity theory Green function which contains all information
about structure geometry.
Exploiting this method, the energy and momentum relaxation times of a test
electron as well as the relaxation rate of electron temperature for the whole Fermi
2DEG located in the vicinity of an interface between elastic semi-spaces have been
cablculated [42, 43]. Analysis of limiting cases for an interface between solid and
liquid semi-spaces, for a free and rigid surfaces has shown that there are situations
when the phonon reflection from various interfaces alters the energy (or electron
temperature) dependence of the relaxation times and leads to a strong reduction
of the relaxation rates.
To illustrate the interface effect in quantizing magnetic fields, electron relax-
ation between discrete Landau levels in 2DEG located near free crystal surface
has been studied [44, 45]. The interface effect is obtained to be highest in the
magnetic field since the 2DEG interacts with almost monochromatic cyclotron
phonons in this case. The electron transition probability has an oscillating be-
havior of the magnetic field and of the distance from the 2DEG to the interface.
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Scattering from the deformation potential of acoustic phonons has been only con-
sidered since in quantizing magnetic fields, scattering from piezoelectric potential
is strongly suppressed [46].
Optical phonons determine the character of electron relaxation at high tem-
peratures and in various experiments with an optical excitation or Auger pro-
cesses. In the 2DEG subjected to strong magnetic fields with rather thin elec-
tron layers and subjected to rather strong magnetic fields, a large separation
between Landau levels cannot be covered by an acoustical LA phonon [45] so the
multiphonon 2LA [47] or an optical phonon assisted [48] processes become more
efficient. Longitudinal optical phonon assisted inter Landau level transitions via
one-phonon emission mechanism requires a precise resonance. Away from the
resonance, efficiency of this process falls steeply. Non-resonant optical phonon
emission in the effectively 0D systems should be accompanied by acoustic phonon
emission via the two-phonon emission mechanism. We have calculated polar opti-
cal PO phonon assisted electron relaxation as a function of the inter Landau level
spacing in the 2DEG in the QHE geometry [48]. The interface optical SO phonon
relaxation has been found to be at least by an order weaker than relaxation via
polar optical PO phonon emission. To obtain a finite relaxation rate associated
with one-phonon emission, the allowance for the Landau level broadening and for
the PO phonon dispersion has been made. Immediately below the phonon energy,
h¯ωPO, the PO phonon dispersion contribution gives rise to a sharp peak with the
peak value approximately 0.17 fs−1. The Landau level broadening contribution
has a rather broad peak with relatively lower peak value. Below h¯ωPO within an
energy range of the order of h¯
√
ωB/τ , the one-phonon relaxation rate exceeds 1
ps−1 (τ is the relaxation time deduced from the mobility. In GaAs/AlGaAs with
mobility µ = 25 V−1 s−1 m2 this range makes up 0.7 meV).
Two-phonon emission is a controlling relaxation mechanism above h¯ωPO [48].
For energies ∆lh¯ωB immediately above h¯ωPO, PO+DA phonon relaxation has
a sharp onset. The relaxation rate increases as a fifth power in the magnetic
field achieving to the peak value exceeding 1 ps −1 at energy separations of the
order of h¯s/aB (s is the sound velocity, aB is the magnetic length. In GaAs at
B = 7 T we have h¯s/aB ≈ 0.4 meV). At higher magnetic fields in the energy range
sa−1B <∼∆lωB−ωPO<∼sd−1 (in GaAs with d = 3 nm we have h¯s/d ≈ 1.2 meV), the
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two-phonon peak decreases linearly in the magnetic field. Above h¯ωPO within the
wide energy range (in GaAs this range makes up approximately 5 meV), the mag-
netic field dependence of the relaxation rate is rather weak and the subnanosecond
relaxation between Landau levels can be achieved via the two-phonon emission
mechanism. Our analysis has demonstrated that in some experimental situations
the PO+DA-phonon emission mechanism is more efficient than relaxation in two
consecutive emission acts: PO phonon emission (even under the sharp resonance)
with subsequent emission of either LA- or 2LA-phonons.
As distinct from the conventional relaxation experiments where the relax-
ation rates are measured directly, in the ballistic phonon emission experiments,
the intensity and the angular distribution of the phonon signal are detected on
the sample reverse face which provide a worthy source of information on elec-
tronic properties. Such experiments are especially valuable in systems of reduced
dimensionality since carriers are confined to small nanoscale regions while other
quasiparticles such as phonons can be not localized and more reachable for study.
In the dissertation I present calculations of ballistic acoustic phonon emis-
sion at electron transitions between fully discrete Landau levels in a 2DEG with
account of the phonon reflection from a GaAs/AlGaAs type interface [49, 50].
In accordance with the experimental results, we have obtained that the angular
distribution of emitted phonons has a distinctly expressed peak for small angles.
Account for the interface effect affects essentially the intensity and the compo-
sition of the detected phonon field. Upon their reflection and conversion at the
crystal surface, longitudinal acoustic LA phonons propagate backwards in the
forms of LA and transverse acoustic TA phonons. The reflected LA phonons
interfere with the initial LA phonons emitted by the 2DEG in the same direc-
tion. Therefore, we have obtained that under the deformation electron-phonon
interaction, the detector records on the sample reverse face both the interference
field of the LA phonons and, which is most intriguing for experiment, the con-
version field of the TA phonons [49]. Our calculations of emission spectrum for
surface acoustic phonons show that an exponential suppression of the emission
of surface acoustic phonons occurs in a wide range of the magnetic field variation
[50]. So, the cooling of the heated 2DEG is only at the expense of bulk LA and
TA phonons.
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Investigation of edge state scattering is one of key stages of the dissertation
[51, 52, 53, 54]. The single particle energy spectrum in a 2DEG exposed to a
homogeneous magnetic field normal to the electron plane is separated into the
edge states and the bulk Landau states The edge states correspond to the classi-
cal skipping orbits and are confined near sample edges. Edge states exist also in
QWrs. If the wire width L is much greater than the magnetic length aB, L≫ aB,
then the edge states both in 2DEGs and QWrs can be treated in the same way
as a 1D electron system. The edge states play an important role both in conven-
tional transport measurement experiments and in ballistic phonon emission and
absorption experiments. In the latter case, equally with the bulk Landau states,
the quantum edge states also give a contribution to emission and absorption of
ballistic phonons. We have calculated ballistic acoustic (both for deformation DA
and piezoelectric PA interactions) [54] and polar optical phonon emission by the
quantum edge states. An analytic expression for the ballistic acoustic energy flux
emitted by the quantum edge states has been derived. Detailed analysis of the
phonon emission intensity distribution has been made in low and high tempera-
ture regimes and for different positions of the Fermi level. At the same time as
phonon emission by the bulk Landau states is concentrated within a narrow cone
around the magnetic field, at the inter edge state transitions and at low temper-
atures, the emitted phonon field is predominantly concentrated within a narrow
cone around the direction of edge state propagation, while at high temperatures
– around the magnetic field normal to the electron plane. At low temperatures
the emission intensity decreases exponentially with decreasing filling of Fermi
level. In contrast to the case of bulk Landau states where piezoelectric interac-
tion is always suppressed with respect to the deformation interaction, in the edge
state case, the relative contributions of piezoelectric and deformation interactions
depend on the magnetic field and temperature.
We have studied an optical phonon assisted edge state relaxation for a test
electron in QWrs with a rectangular cross section exposed to the normal magnetic
field. The intrasubband scattering rates as a function of the initial electron energy
for different values of the magnetic field has been calculated. By considering
different limiting cases of the ratio of the cyclotron frequency to the strength
of the lateral confinement, results for edge state relaxation both in 2DEGs and
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QWrs as well as for the magnetic field free case can be obtained.
We have calculated the inter edge state scattering length for an arbitrary
confining potential [51, 52]. Phonon (deformation acoustic DA and piezoelectric
PA interactions) and impurity scatterings are discussed and analytical expres-
sions for scattering lengths are derived. As follows from energy and momentum
conservation, only phonons with frequencies above some threshold can partici-
pate in the transitions between edge states. As a result, phonon scattering is
exponentially suppressed at low temperatures. According to our evaluations, the
observed temperature dependence of the scattering length cannot be attributed
to phonon scattering.
Auger scattering in semiconductors is well known from investigations of non-
radiative recombination. Free electrons and holes are a prerequisite for this pro-
cess: the energy obtained in the recombination of an electron-hole pair is taken
to excite another electron. The latter electron may loose its excess energy by
electron-lattice relaxation; thus the recombination energy is converted into heat.
In quantum nanosystems, Auger processes become possible between different sub-
bands. The reduction of Auger scattering rate in effectively 0D nanosystems due
to the discreteness of the electronic states has been used as an argument to pro-
pose quantum dots lasers.
In recent magneto-luminescence experiments by Potemski et al. [55, 56] on
one-side modulation doped GaAs/AlGaAs quantum wells, an up-conversion has
been observed and interpreted as being due to an Auger process. The lumines-
cence spectrum under interband excitation at low temperatures and for low exci-
tation powers shows two peaks: besides the luminescence due to recombination
of an electron from lowest Landau level with a hole in a valence band, a second
peak is observed above the exciting laser energy and is related to recombination
of an Auger up-converted electron with a hole. We have developed a theory of
Auger up-conversion in quantum wells in quantizing magnetic fields to explain
these experimental results [57, 46]. We have calculated the characteristic times
of electron-electron scattering processes between Landau levels of the lowest elec-
tric subband and of electron-acoustic phonon scattering between Landau levels
of the two lowest electric subbands as well as the lifetime of a test hole both with
respect to the Auger process and phonon emission. By analyzing rate equations
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for these processes as well as for the pumping by interband excitation and the
recombination of electrons with photo-induced holes, we have found the Auger
process time. As well the magnetic field and the excitation power dependen-
cies of the two luminescence peaks have been obtained which are consistent with
the experimental findings. Thus, an understanding of the Auger up-conversion
observed in the magneto-luminescence in quantum wells is provided.
Recently a research group from the Toshiba Cambridge Research Center
Ltd. and Cavendish Laboratory have proposed a new technique to produce non-
homogeneous magnetic fields [58, 59, 60, 61, 62]. A remotely doped GaAs/AlxGa1−xAs
heterojunction is grown over wafer previously patterned with series of facet. The
use of in situ cleaning technique enables to regrow uniform high quality 2DEGs
which is no longer planar but follows the contour of the original wafer. Applica-
tion of a homogeneous magnetic field to this structure results a spatially varying
field component normal to the 2DEG. Thus, this technique offers possibilities to
investigate the effect of varying the topography of an electron gas in addition to
varying the dimensionality. This new technology will open up a new dimension
in nanophysics.
We have investigated theoretically the magneto-transport of the non-planar
2DEG [63, 64, 65, 66, 67]. As an example the electric field distribution of the
2DEG with a magnetic field barrier is calculated. The system satisfies the Pois-
son equation in which linear charges develop at the magnetic/non-magnetic field
interface. The magneto-resistance across the facet as well as in the planar re-
gions of the 2DEG have been calculated which explain the main features of the
magnetic field dependencies observed experimentally by M L Leadbeater et al
[59, 60].
1.3 Main goals and tasks of the dissertation
1. Investigation of threshold peculiarities of the polaron spectrum in the 2DEG
in a quantizing magnetic field normal to the electron sheet. Demonstration
of the existence of the spectrum new branches which describe the bound
states of an electron and an optical phonon.
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2. Study of photon absorption on these electron-phonon bound states. Estab-
lishment of the fine structure of the cyclotron-phonon resonance in quantum
wells and heterostructures. Consideration both bulk and surface optical
phonons in formation of the bound states.
3. Development of a new method for calculating the probability of electron
scattering from the deformation potential of acoustic phonons. Use of this
method to treat the phonon reflection from a crystal surface and interfaces
separating different materials.
4. Exploiting the proposed method to calculate the electron energy and mo-
mentum relaxation times for a test electron as well as the relaxation rate
of electron temperature for the whole Fermi 2DEG taking into account the
phonon reflection from the interface between semi-infinite elastic media.
5. Calculation of the transition probability between fully quantized Landau
levels and taking into account the crystal free surface effect on interaction
of the 2DEG with acoustic phonons.
6. Study of ballistic acoustic phonon emission in quantizing magnetic fields
normal to the 2DEG plane when reflection of these phonons from a GaAs/AlGaAs
type interface is taken into account.
7. Investigation of longitudinal polar PO optical phonon assisted electron re-
laxation in the 2DEG in the QHE geometry. Consideration of inter Landau
level relaxation via one phonon (for bulk PO and interface SO phonons)
and two PO+DA phonon (for deformation acoustic DA and PO phonons)
emission processes.
8. Calculation of the scattering length for inter edge states transitions in quan-
tizing magnetic fields due to acoustic phonons (DA and PA interactions)
and short- and long-range impurities, assuming that the shape of the con-
fining potential is arbitrary.
9. Study of emission of ballistic acoustic phonons (due to deformation and
piezoelectric interactions) by quantum edge states in quantizing magnetic
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fields. Detailed analysis of the emission intensity and the angular distri-
bution in low and high temperature regimes. Consideration of different
positions of the Fermi level.
10. Calculation of the optical phonon assisted edge state relaxation rates in
quantum wires exposed to quantizing magnetic fields. Derivation of the
PO phonon emission rate dependence on the electron initial energy and
magnetic field.
11. Construction of a theory of the Auger up-conversion observed in recent
magneto-luminescence experiment. Calculation of the relaxation rates of
the carrier-carrier (between discrete Landau levels of the lowest electric
subband) and the carrier-phonon (between discrete Landau levels of the two
lowest electric subbands) scattering processes in quantum wells exposed to
the normal quantizing magnetic field.
12. Investigation of the magneto-transport of a non-planar 2DEG. Calculation
of the electric field distribution in the presence of a magnetic tunnel barrier
of µm width. Derivation of the magnetic field dependence of the magneto-
resistance both across the facet and in the planar regions of the 2DEG.
1.4 Basic theses of the dissertation submitted
to the defense
1. Despite to the weak electron-phonon coupling, an infinite set of bound
states of an electron with an optical phonon exists both above and below
the threshold of optical phonon emission in the magneto-polaron spectrum
in the 2DEG.
2. The spectrum of the cyclotron-phonon resonance has a fine structure which
is governed entirely by the electron-phonon bound states. Therefore, elec-
tromagnetic absorption is concentrated not at the threshold but below and
above it at the separations of the binding energies. The absorption spectrum
consists of two groups of peaks which constitute an ”asymmetric doublet”.
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3. It is easy to account for the phonon reflection from various interfaces sep-
arating different materials using the proposed method for calculating the
probability of electron scattering from the deformation potential of acoustic
phonons.
4. There are situations when the presence of an interface, near which the
Fermi 2DEG is located, leads to a strong reduction of the energy and the
momentum relaxation and alters the dependence of the relaxation rates on
the electron energy (or on electron temperature).
5. The interface effect in the 2DEG is strongest in quantizing magnetic fields
normal to the plane of electrons and for the free crystal surface. Surface
effect becomes weaker with a distance z0 between the 2DEG and the crystal
surface for two reasons: because of the spread of momenta and the spread
of frequencies of emitted phonons. Even in high-quality heterostructures,
the Landau level broadening is essential.
6. The transition probability between two Landau levels via deformation acous-
tic phonons is an oscillating function both of the magnetic field B and of
the distance z0. The magnetic field oscillations are on top of a smooth
background of the transition probability which has a subnanosecond peak
for intermediate values of B (in GaAs, for fields of the order of 1 T) and
decreases as a fourth power of B for large B. For vanishing fields, selection
rules force the transition probability to fall to zero.
7. In quantizing magnetic fields, inter Landau level electron transitions in the
2DEG via piezoelectric acoustic phonon interaction suppressed with respect
to the deformation interaction mechanism.
8. Acoustic energy flux of ballistic cyclotron phonons emitted from the 2DEG
in a normal quantizing magnetic field is concentrated in a narrow cone
around the magnetic field. The interface affects essentially both the inten-
sity and composition of the emitted phonon field so on the sample reverse
face, the detector records an interference field of longitudinal LA phonons
and a conversion field of transverse TA phonons.
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9. Exponential suppression of emission of cyclotron surface acoustic SA phonons
occurs in a wide range of the magnetic field variation, h¯ωB ≫ 2mc2R (ωB is
the cyclotron frequency, mc is the electron mass and cR is the velocity of
surface waves). So cooling of the heated 2DEG is only at the expense of
emission of bulk LA and TA phonons.
10. An allowance for the polar optical PO phonon dispersion and the Landau
level broadening yield a finite relaxation rate associated with one-phonon
emission. Immediately below the PO phonon energy, h¯ωLO, the PO phonon
dispersion contribution give rise to a very sharp peak with peak value ap-
proximately 0.17 fs−1. The Landau level broadening contribution has a
rather broad peak with relatively lower peak value. Within an energy range
of the order of h¯
√
ωB/τ (τ is a relaxation time deduced from the mobility.),
the one-phonon relaxation rate exceeds 1 ps−1. Relaxation via surface SO
phonon emission mechanism at least by an order is weaker than via bulk
phonons.
11. The two-phonon emission is a controlling relaxation mechanism above h¯ωPO.
For energies ∆lh¯ωB immediately above h¯ωPO, PO+DA phonon relaxation
rate increases as a fifth power in the magnetic field B. At energy sepa-
rations of the order of sa−1B (s is the sound velocity, aB is the magnetic
length), PO+DA phonon emission provides a mechanism of subpicosecond
relaxation. At higher B, the two-phonon relaxation peak decreases linearly
in B and within a wide energy range of the order of h¯ωB, subnanosecond
relaxation can be achieved.
12. Inter edge state relaxation due to acoustic phonon scattering is strongly
suppressed at low temperatures in comparison with short- and long-range
impurity scattering since only phonons with frequencies above some thresh-
old can cause transitions.
13. At low temperatures emission of ballistic acoustic phonons (due to defor-
mation and piezoelectric interactions) at inter edge state transitions is pre-
dominantly concentrated within a narrow cone around the direction of edge
state propagation while at high temperatures – around the magnetic field
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normal to the electron plane. The emission intensity decreases with de-
creasing filling of the Fermi level. This diminution is exponential at low
temperatures.
14. In contrast to the bulk Landau state, relative contributions of piezoelectric
and deformation interactions depend on the magnetic field, electron tem-
perature, and on the shape of the confining potential. At low temperatures
and for the non-smooth confining potential, DA interaction suppressed with
respect to PA while for the smooth potential as well as for both cases at high
temperatures, DA and PA interactions give roughly the same contribution
to the emitted phonon field.
15. Polar optical phonon emission provides a picosecond edge state relaxation
for a test electron in quantum wires. The scattering rate as functions of
the electron initial energy has a peak for magnetic fields not far from the
resonance field while for lower fields, the scattering rate shows a monotonous
increase in energy.
16. Our theory of the Auger up-conversion in a 2DEG in a normal quantizing
magnetic field provides an understanding of the up-conversion observed in
magneto-luminescence of one-side modulation doped GaAs/AlGaAs quan-
tum wells [55], in particular, its dependence on the excitation power and
the magnetic field.
17. According to our theory of the magneto-transport in a non-planar 2DEG,
the system satisfies the Poisson equation in which a line charges develop
at the magnetic/non-magnetic field interface. The magneto-resistance cal-
culated across the facet and in planar regions of the 2DEG explains the
main features of the magnetic field dependencies observed in the experi-
ment [59, 60].
1.5 Approbation of the work
The results of the investigation presented in the dissertation have been reported
and discussed at the following conferences, schools, and seminars:
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1996 Seminar, Institute for Theoretical Physics, University
of Regensburg, Germany
1996 12th International Conference ”on the Application of
High Magnetic Fields”, Wu¨rzburg, Germany
1996 9th International Conference on ”Superlattices, Mi-
crostructures, and Microdevices, July, 14-19 1996,
Lie´ge, Belgium.
1996 Research Workshop on Condensed Matter Physics,
ICTP, Italy
1996 Seminar, Department of Condensed Matter Theory,
University of Antwerp, Belgium
1995 Research Workshop on Condensed Matter Physics,
ICTP, Italy
1993 Winter school, University of Wroclaw, Poland
1992 NATO ASI, Ultrashort Processes in, Lucca, Italy
1992 Seminar, Institute for Theoretical Physics, University
of Regensburg, Germany
1993 13th General Conference of Condensed Matter Di-
vision, European Physical Society, Regensburg,
Germany
1989 14th All-Union Conference on ”Theory of Semicon-
ductors”, Donetsk, The Ukraine
1988 Seminar, Institute of Physical Investigations,
Ashtarak, Armenia
1988 Seminar, Landau Institute for Theoretical Physics, In-
stitute of Solid State Physics, and Institute of Mi-
croelectronics Technology and High Purity Materials,
Chernogolovka, Moscow district, Russia
1987 All-Union Conference on ”Non-classical crystals”, Se-
van, Armenia
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1.6 Structure and volume of the dissertation
The dissertation is presented on 227 pages including 41 figures and 5 tables. It
consists of 7 Chapters, the Summary, 3 Appendixes, and the Bibliography of 327
names.
Chapter 2
Electron-optical phonon bound
states
2.1 Introduction
Over a long period of time polarons, elementary excitations in the electron+phonon
system, have been extensively studied both theoretically and experimentally in
polar semiconductors and ionic crystals [68, 69, 70]. Recent rapid developments
in the semiconductor nanotechnology have made it possible to create nanosystems
of reduced dimensionality and have caused growing interest in polaron effects in
such nanosystems, particularly in the 2DEG exposed to a normal quantizing ex-
ternal magnetic field. In such systems, due to the combined effect of the spatial
confinement and Landau quantization, the electron energy becomes quantized
into a series of completely discrete Landau levels with an infinite degeneracy.
Interaction of such electrons with polar optical phonons leads to a formation of
2D magneto-polarons. Properties of the 2D magneto-polarons strongly depend
on energy ranges considered in the exact spectrum and on a density of states on
a Landau level. As far as in the 2DEG the density of states on the bottom of
Landau band is stronger than in massive samples, it changes from square-root
singularity to the delta-function, then the polaron binding energies and cyclotron
resonance peaks should be greater and clearer for the 2DEG than in bulk sam-
ples. One can expect also qualitatively new effects in the 2D magneto-polaron
spectrum.
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Studies of the magneto-polaron problem in massive samples (see reviews [71,
72]) have shown that despite to the weak electron-optical phonon coupling, α,
branches of the magneto-polaron spectrum can be classified into three groups
according to the single-phonon states in the magneto-polaron, i.e. according to
the effective number, N , of phonons contributing to the magneto-polaron. The
first group includes states with N ∼ α. The exact spectrum of these branches
differs from priming one only by a simple shift of the bottom of Landau band and
by a polaron renormalization of the electron effective mass. Both these effects are
of the order of α. The second and third groups are hybrid and bound states of
electrons and phonons. For these states we haveN ≈ 1/2 andN ≈ 1, respectively.
Peculiarities of the polaron spectrum near the threshold of an optical phonon
emission are responsible for existence of these two groups. These threshold non-
analyticities of the spectrum are not connected with particular models but have an
universal character [73]. For instance, the non-analyticity of the phonon spectrum
near the disintegration threshold of an optical phonon into two acoustic phonons
leads to the formation of the hybrid and bound states of the optical and acoustic
phonons [74, 38]. Notice that for the formation of the hybrid states, a resonance
situation is necessary.
The problem of calculation of the electron and optical phonon hybrid state
spectrum (the spectrum of the resonance magneto-polaron) has been arisen in
connection with experiments of the inter-band magneto-absorption and of the
cyclotron resonance [75, 76], in which a splitting of the absorption peak near
the resonance ωB = ω0 has been observed (ωB and ω0 are the cyclotron and the
longitudinal optical LO phonon frequencies, respectively). The first theoretical
studies of the resonance magneto-polaron spectrum have been based on the single-
phonon model, in which only no-phonon and one-phonon states have been taking
into account. It has been shown [77, 78, 79] that if no interaction is taken into
account, two terms of the electron+phonon system (the first is the electron in the
Landau level l + 1, the second is the electron in the level l and one LO phonon)
are intersected at the resonance. Switching on the electron-phonon interaction
takes off the degeneracy and leads to the splitting of the absorption peak which
is of the order of α3/2h¯ω0. The above peak, as distinct from the peak below, is
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smeared by the electron-phonon interaction. At present the resonant magneto-
polaron effect is well studied in massive samples [80, 81] and is an unique tool to
study the electron-phonon interaction.
In the last years in view of its importance, the resonant magneto-polaron in
the 2D nanosystems has attracted considerable attention. Theoretical investiga-
tions of the problem show [82, 83, 84, 85] that electron-phonon interaction in the
2D systems is stronger than in the massive samples. There are two reasons to
account for such situation. The first is, ut sup, the singularity of the density of
states on a Landau level is stronger for 2D electrons than that of in the bulk sam-
ples. The second is that the presence of interfaces separating different materials
in layered nanostructures violates the translation invariance in the growing direc-
tion. Hence, in acts of electron-phonon interaction, phonon modes with any value
of the momentum component in that dimension can take part. Such reinforce-
ment of electron-phonon interaction leads to the 2D magneto-phonon resonance
with the characteristic binding energy scale α1/2h¯ω0 which is for α ≪ 1 essen-
tially greater than the analogous scale α3/2h¯ω0 in the massive samples. Moreover,
the branches of the spectrum are rigorously stationary both above and below the
phonon emission threshold so that two infinitely narrow peaks correspond them
in the absorption spectrum.
Recently the 2D resonance magneto-polaron effect has been observed in the
cyclotron resonance experiments in electron inversion layers on InSb [86], accumu-
lation layers on HgCdTe [87], and in II-IV CdTe/CdMgTe quantum wells [88], as
well as in GaAs/AlGaAs heterostructures and quantum wells [89, 90, 91, 92].
Analysis of experimental results [93] shows that the 2D resonance magneto-
polaron effect is approximately by 3 − 6 times stronger than that of for massive
samples which is in good agreement with the theoretical calculations [82, 84].
The characteristic feature of the resonance magneto-polaron is that the num-
ber of hybrid states in the exact spectrum do not exceed the number of states
in the priming spectrum of the electron+phonon system. However, further the-
oretical developments in the problem of the magneto-polaron have shown that
the exact spectrum near the LO phonon emission threshold can be considerably
richer [94]. When the magnetic field decreases or increases, the resonance condi-
tion ceases to be fulfilled and, one would think that the hybrid states should be
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transformed into the usual magneto-polaron states. As a matter of fact it does
not take place. In the exact spectrum of the 3D magneto-polaron in the energy
range of the order of W3D = α
2h¯ω0 below the threshold εn = En + h¯ω0 there
appear new branches of the electron+phonon system (En is the electron priming
energy, n is the Landau index.). These terms are impossible to obtain in the
framework of the single-phonon model which is equivalent to account for only
the simplest diagram of the electron mass operator expanded in a power series in
the electron-phonon interaction coupling constant. Moreover, the analysis of the
perturbation theory shows [95] that despite to the small coupling constant, the
sum of the perturbation theory series diverges in the energy range |ε− εn|<∼W3D
and it nowise is connected with the resonance ωB = ω0. To find the exact spec-
trum in this energy range, it is necessary to sum infinite number of diagrams
for the mass operator, or that is the same, to solve an integral equation for the
electron-phonon vertex [96]. When this procedure has been explicitly completed
by Y B Levinson [94], it has become clear that in the exact spectrum of the elec-
tron+phonon system there exists an infinite sequence of the electron and phonon
bound states with the LO phonon emission threshold as a limit below. The max-
imum distance between two neighboring terms is of the order ofW3D for ωB ∼ ω0
even if it depends on the magnetic field. The bound states ought to realize as a
local lattice perturbation arisen at the center of the cyclotron orbit.
It was natural to expect that the bound states will become apparent in the
cyclotron phonon resonance spectrum. The cyclotron phonon resonance has been
predicted theoretically by F G Bass and Y B Levinson [97] (see also reviews
[98, 99]). It is observed in semiconductors as a result of optical transitions of
an electron from one Landau level to another accompanied by the emission or
absorption of an optical LO phonon. Actuality of the cyclotron phonon resonance
has been verified experimentally in the electromagnetic absorption [100]. The
cyclotron phonon resonance phenomenon would be combination of two processes,
of the cyclotron resonance observed at the frequency of electromagnetic radiation
ν divisible by ωB and of the Gurevich-Firsov magneto-phonon resonance [101,
102], coming at the magnetic fields for which LO phonon frequency ω0 is divisible
to ωB. According to the simplest ideas based on perturbation theory [97, 103],
the cyclotron phonon resonance absorption peak corresponding to the LO phonon
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emission should be observed for photons of energies h¯ν = En − En′ + h¯ωLO. A
more rigorous analysis [104] has shown that the cyclotron phonon resonance peak
should have a fine structure due to appearance of the bound states of an electron
and a newly created LO phonon. In bulk samples, the binding energies W and
oscillatory strengths f of these states are very small: in magnetic fields such
that ωB ∼ ω0 we have W ∼ W3D and f ∼ α2. In the case of n-type InSb this
gives W ≈ 0.01 meV in a field B = 3.5 T. This makes hard for the experimental
resolution of the bound states in the cyclotron phonon resonance peaks. The
revealing of the bound states in massive samples is conjugated by additional
difficulties for following reasons. In the simplest case, e.g., the bound states
could be detected in the light absorption at the photon energy h¯ν = h¯ω0 −W
(the electron transitions absent; n = n′ = 0) [105]. However, in this case bound
states lie below the threshold and their observation is hindered by the strong
lattice reflection in the energy range between the longitudinal and transverse
optical phonon energies. The absorption spectrum seemed more convenient to
study when n 6= 0 at the photon energy h¯ν = h¯ωB+ h¯ω0−W . This energy range
of the spectrum, however, lays upon continuum of the electron+phonon states so
that there cannot exist rigorously stationary bound states.
Taking into account the situation described above for the magneto-polaron
problem, particularly, the transformations in the resonant magneto-polaron effect
at the dimensional reduction from 3D to 2D, one can expect that the environmen-
tal factors for the electron-phonon bound state creation and their experimental
observation in the 2DEG should be more favorably inclined.
Subject of this chapter is the bound states of the electron and LO phonon in
the 2D nanostructures exposed to the quantizing magnetic field normal to the
electron sheet. It will be shown that in the vicinity of the LO phonon emission
”threshold” εn, the spectrum of the magneto-polaron is determined by an infinite
sequence of the bound states coagulated to the ”threshold” having it as a limit
both above and below from it [39]. (In the 2DEG there is no continuum in
the spectrum of the electron+phonon system, and therefore in this case, the
”threshold” has no strict sense. To stress this fact, the inverted commas are
used.) These bound states are always rigorously stationary and are manifested in
the cyclotron phonon resonance spectrum as two groups of narrow peaks located
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above and below the ”threshold” on the distance of the order of W2D = αh¯h¯ω0
[40].
Existence of the bound states is determined by the competition of the kinetic
energy of electrons and optical phonons, and their interaction energy. Therefore,
the character of coupling and the energetic scale of the spectrum strongly depend
on the localization extend of electrons and phonons. In 2D nanostructures besides
the electron localization effect, there are certain special features associated with
the optical phonon localization. Two situations are discussed below: electrons
in an isolated quantum well located deep inside a sample and electrons at a
heterojunction between two semiconductors. Low-momentum LO phonons do
not usually penetrate from one material to another and, therefore, electrons in
a quantum well or at a heterojunction interact solely with LO phonons in the
semiconductor where they are located. Further these bulk-like polar LO phonons
we denote as PO phonons. In addition to the bulk-like PO phonons, there exist
also surface SO phonons with an electric field concentrated on both sides near
an interface separating different materials. Recently polaron effect with such SO
phonons in quantum wells and heterojunctions have been considered theoretically
in several papers [106, 107, 108, 109, 110, 111, 40, 112, 113, 114]. It is obtained
that the SO phonon contribution to the energy and effective mass is essential.
In the recent magneto-phonon resonance experiment [115], the observed states
have been interpreted as resonance 2D magneto-polarons with SO phonons [116].
Therefore, one can expect that SO phonons will also play an important role in the
formation of the electron-phonon bound states. In the case of a heterojunction
the SO phonons do not exhibit dispersion and, therefore, they behave in the same
way as LO phonons. On the other hand, the SO phonons in a quantum well have
a strong linear dispersion which smears out the threshold singularity. Such SO
phonons are ignored in this work.
The energy levels of the considered system are shown on Fig. 2.1. The
energy is reckoned from the lower electron level, whose height above the bottom
is h¯ωd+ h¯ωB/2, h¯ωd is the energy scale in the growing direction. The dashed line
shows the ”threshold” εn = En + h¯ω0 referred to the Landau level n, near which
the bound states of interest to us are located.
Following assumptions have been done in calculations of the bound state
CHAPTER 2. ELECTRON-OPTICAL PHONON BOUND STATES 36
cyclotron
energy KωB
inter-subband
separation
ε ω
ω
10 2= +K
K
d
B
ε 20
l = 1
l = 2
l = 3
optical phonon
energy Kω0
threshold ε ω ωc Bl= +K K 0
binding energyW
Figure 2.1: Energy levels εnl = εn + (l + 1/2)h¯ωB in the 2DEG exposed to
the quantizing magnetic field normal to the electron sheet. εn is the energy of
subband n.
spectrum:
i) only the polar electron-phonon interaction is considered and the priming
electron-phonon coupling constant is assumed to be small, α≪ 1,
ii) optical phonons have no dispersion, ω(q) = ω0,
iii) crystal temperature is low enough, T ≪ h¯ω0 so that the phonon absorption
processes, proportional to exp(−h¯ω0/T ), can be neglected (The units are
used such that the Boltzmann constant kB = 1.),
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iv) concentration of electrons is small so that their influence on phonons as well
as interaction between them can be neglected,
v) interaction of electrons with impurities and acoustic phonons is absent,
vi) electrons are confined in a potential well with infinitely high walls, the well
is also narrow enough so that spatial quantization energy scale is the largest
parameter of the problem, i.e. the intersubband separation ∆εd ∼ h¯ωd ≫
h¯ωB, h¯ω0 .
The present chapter is organized as follows. In the next section the threshold
behavior of the magneto-polaron spectrum is analyzed and the integral equation
for the electron-phonon scattering amplitude is derived from which we obtain the
bound state spectrum. In Sec. 2.3 the absorption coefficient on these bound state
is studied. The allowance for the presence of bulk and surface optical phonons is
made. The actual calculations of the bound state binding energies and oscillator
strengths are carried out in Sec. 2.4. Our conclusions and numerical estimates
are presented in Sec. 2.5.
2.2 The 2D magneto-polaron spectrum
2.2.1 ”Threshold” behavior of the polaron spectrum
The spectrum of two-particle elementary excitations in the electron-phonon sys-
tem is determined by the poles of scattering amplitude Σ in the total energy
parameter ε. Because the number of phonons is not conserved, the spectrum ob-
tained from the poles of Σ and of the single-particle Green function are the same.
The calculation of Σ by means of the perturbation theory cannot be acceptable
since in the energy range of interest to us, ε ≈ εn, the series of the perturba-
tion theory stops to converge. In terms of the diagram technique, the diagrams
with one phonon and one electron intersections are responsible for this diver-
gence. Such diagram correspond to the processes in which phonons are almost
real [117]. Some diagrams for the amplitude Σ with such dangerous intersections
are shown in Fig. 2.2. It is seen that the number of the dangerous intersections
increases in the diagram order. Direct calculations of these diagrams show that
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Figure 2.2: Simplest diagrams for the electron-phonon scattering amplitude Σ
with dangerous intersections in one electron and one phonon lines.
the perturbation theory is inapplicable in the energy range |ε−εn| ∼ αh¯ω0 where
both diagrams with and without intersecting phonon lines (Fig. 2.2) become
essential. Contributions of all diagrams with dangerous intersections tend to in-
finity when ε → εn and the growing velocity is proportional to the number of
dangerous intersections in the diagram. Thus, to find the exact spectrum of the
system in the region |ε− εn| ∼ αh¯ω0, the whole series of the perturbation theory
should be summed. This leads to an integral equation for the electron-phonon
scattering amplitude Σ drawn on Fig. 2.3.
2.2.2 Integral equation for the electron-phonon scattering
amplitude and bound states
This equation is written in the gauge invariant diagram technique [118], therefore
only Landau index s is used for the electrons (solid lines) while the gauge non-
invariant quantum number m of the spatial quantization is absent. The exact
electron Green function, G is diagonal in s [118, 119, 120] but G is not diagonal
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Figure 2.3: Integral equation for the scattering amplitude Σ of an electron by a
phonon.
in m because lack of the translation invariance in the growth z-direction. The
assumption ∆Ed ≫ h¯ωB, h¯ω0 permits, however, to neglect the off-diagonal ele-
ments of Gmm′ which simplifies essentially the integral equation for Σ. As far as
the bound states are sought in the energy range near the ”threshold” then the
energetic parameter of the Green function is εn − h¯ω0 in the dangerous intersec-
tion in the second term of the right-hand side of the equation in Fig. 2.3. It lies
far from the ”threshold” where the perturbation theory is valid. Therefore, the
function G can be taken without allowance for the interaction with the phonons,
and only the term m¯ = 1 is to be retained in the summation over m¯. All the
foregoing allows us to put everywhere m = 1 (and omit this index hereafter) so
that
Gs(ε) = (ε− sh¯ωB + i0)−1. (2.1)
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By force of the assumption of the electron concentration smallness, all electron
Green functions are retarded. For this reason as well as because system tem-
perature is low, the renormalization of the phonon Green functions can be also
neglected. Then the following expression corresponds to the phonon propagator
D (the dashed lines)
D(ω,q) = h¯−1B(q)
[
(ω − ω0 + i0)−1 − (ω + ω0 − i0)−1
]
. (2.2)
where B(q) is the modulus squared of the electron-phonon matrix element. The
longitudinal, q‖ and the transverse, q⊥ phonon momenta are shown separately in
Fig. 2.3. It is convenient previously to carry out integration over the phonon
energetic parameter ω, using the formula
∫
dω
2π
iD(ω,q)F (ω) = B(q)F (ω0 − i0) (2.3)
where F (ω) is an analytical function for Im ω < 0. Now it is clear that all ω ought
to replace to ω0 in all G so that only the integration over the phonon momenta
q‖ and q⊥ as well the factor B(q) correspond to all internal phonon lines. For the
more important polar electron-phonon interaction we obtain
B(q) = B0 Φ(q⊥, q‖), B0 = παv20, v0 =
h¯p0
mc
, h¯p0 =
√
2mch¯ω0, (2.4)
where mc is the electron effective mass. The factor B0 and the form factor
Φ(q⊥, q‖) depend on the nature of the PO phonon localization. For the bulk
polar optical PO phonon α is the usual Fro¨lich coupling constant [121]
αPO =
e2
κ¯POvPO
, κ¯−1PO = κ
−1
∞ − κ−10 , κ∞ =
ω2TO
ω2PO
κ0, (2.5)
where ωPO and ωTO are frequencies of the longitudinal and transverse optical
phonons, κ∞ and κ0 are the high and low frequency dielectric permittivities. In
this case the form factor Φ(q⊥, q‖) is given by
Φ(q⊥, q‖) =
pPO
q2⊥ + q
2
‖
∣∣∣∣∣
∫ d
0
dz|ψ(z)|2ϕq‖(z)
∣∣∣∣∣
2
(2.6)
where ψ and ϕ are the wave functions of the electron and PO phonon for motion
along z-direction.
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For the surface SO phonons, the electron-phonon interaction coupling con-
stant αSO in a single heterostructure is defined on the analogy of the Fro¨lich
constant
αSO =
e2
κ¯SOvSO
(2.7)
where κ¯SO has the form [106, 40, 112]
κ¯SO =
ω2SO
2
2∑
ν=1
κ∞ν
ω2POν − ω2TOν
(ω2SO − ω2TOν)2
(2.8)
Here index ν = 1, 2 denotes the different media in contact at the heteroface.
The frequency of the interface SO phonon is the root of the following equation
[122, 123]
2∑
ν=1
ǫν(ω) = 0, ǫν(ω) = κ∞ν
ω2 − ω2LOν
ω2 − ω2TOν
(2.9)
where ǫν is the dielectric function of the medium ν. In this case, the form factor
Φ(q⊥) is given by
Φ(q⊥) =
pSO
2q⊥
∣∣∣∣∣
∫ d
0
dz|ψ(z)|2 exp (−q⊥z)
∣∣∣∣∣
2
(2.10)
In formulas (2.5)-(2.10), vPO, vSO and pPO, pSO are defined in the same way as
v0 and p0 in the formula (2.4). Below α and ω0 will denote either αPO and ωPO
or αSO and ωSO.
In Fig. 2.3 the shaded box shows the amplitude ✷ which has no dangerous
intersections with one electron and one phonon lines, i.e ✷ is regular at ε→ εn,
and therefore, can be calculated using the expansion in coupling constant α. The
irreducible amplitude ✷ can have an intersection in one electron line, therefore
in the lowest order in α, the equation shown in Fig. 2.4 takes place. The point
corresponds to a gauge invariant part of the electron-phonon interaction vertex:
Λss′(q⊥) = e−iφ(s−s
′)Qss′(t), t =
1
2
a2Bq
2
⊥, aB =
√
h¯c
eB
, (2.11)
Qss′(t) =
√
s!
s′!
t
s−s′
2 e−
t
2Ls−s
′
s (t) = (−1)s−s
′
Qs′s(t) (2.12)
where Ls−s
′
s (t) are the associated Laguerre polynomials and φ is the polar angle
of the vector q⊥.
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Figure 2.4: Irreducible electron-phonon scattering amplitude ✷.
Since we are interested in the spectrum region near the ”threshold” referred
to the Landau level n then it is possible to avoid of the summation over the
Landau quantum number s¯ in the dangerous intersection in the second term of
the right-hand side of the equation for Σ. In this energy region ε ≈ εn, only
the non-analytical contributions from G are essential in the sum over quantum
numbers of the internal electron lines. Thus in the equation for Σ only the term
s¯ = n should be retained in the sum over s¯. For the same reason, in the equation
for Σ in all electron external lines, we ought to put s = s′ = n. Notice that in the
gauge invariant diagram technique it is possible to choose for Σ and ✷ ”four-tails”
such a definition that these quantities will depend only on the difference φ − φ′
of the polar angles of the vectors q⊥ and q′⊥. Therefore, expanding Σ and ✷ into
the Fourier series, the angle variables l in the equation for Σ can be separated.
Then the Fourier components
Σln(ε; t, t
′, q‖, q
′
‖) =
∫ 2pi
0
dφ
2π
, e−il(φ−φ
′)Σln(ε;q⊥,q
′
⊥; q‖, q
′
‖) exp{
ia2B
2
[q⊥q′⊥]} (2.13)
with l = 0,±1,±2, . . . will satisfy the independent equations
Σln(ε; t, t
′; q‖, q
′
‖) = ✷
l
n(t, t
′) + M˜n(ε)
∑
q¯‖
∫ ∞
0
dt¯✷ln(tt¯)Φ(t, q¯‖)Σ
l
n(ε; t¯, t
′; q¯‖, q‖)
(2.14)
where ✷ln are the Fourier components the of the kernel ✷n defined by analogy
with Σln. The appearance of the phase factor exp{ ia
2
B
2
[q⊥q′⊥]} in Eq. (2.13) is
connected with use of the gauge invariant diagram technique and is the result
of the integration over gauge non-invariant quantum number k in usual dia-
gram technique. The square brackets in this factor mean the longitudinal (along
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the magnetic field B) component of the vector product. The quantity M˜(ε) in
Eq. (2.14) is proportional to the priming electron-phonon interaction coupling
constant α and the density of states on the Landau level
M˜n(ε) = − αωBω0
ε − εn + i0 , (2.15)
consequently, it determines the effective electron-phonon interaction in the region
near the ”threshold”.
It is seen that the integral equation (2.14) is in two variables, t and q‖. More-
over, the electron-phonon interaction vertex part Φ, arising from the integration
over z coordinate of the electron-phonon interaction nodule and depending only
on the phonon momenta, enters in the equation in non-explicit form. (Recall that
based on the assumption ∆Ed ≫ ωB, ω0, we put m = 1 in all lines.) This vertex
part with an external phonon line, however, enter as a factor into the amplitudes
Σ and ✷ (the summation over m is absent in one electron line of the vertex in
order to catch on the vertex with internal lines). Therefore, the integral equation
(2.14) for the amplitude Σln can be simplified by symmetrizing it and averaging
over q‖. We introduce for this purpose the averaged form factors
Φˆ(t) =
∑
q‖
Φ(q⊥, q‖). (2.16)
and new amplitudes
Σˆln(ε; t, t
′) = [Φˆ(t)Φˆ(t′)]−1/2
∑
q‖,q
′
‖
Φ(t, q‖)Φ(t′, q′‖)Σ
l
n(ε; t, t
′; q‖, q′‖), (2.17)
✷ˆ
l
n(t, t
′) = [Φˆ(t)Φˆ(t′)]1/2✷ln(t, t
′) (2.18)
Transforming to the dimensionless quantities
Rln(ε; t, t
′) = −ω0Σˆln(ε; t, t′), K ln(t, t′) = −ω0✷ˆll(t, t′), λl(ε) = −ω−10 M˜l(ε) (2.19)
we obtain the final integral equation
Rll(ε; t, t
′) = K ll (t, t
′) + λl(ε)
∫ ∞
0
dt¯K ll (t, t¯)R
l
l(ε; t¯, t
′). (2.20)
Thus, R is the Fredholm resolvent of the kernel K, which we now write out in
explicit form
K ln(t, t
′) =
[
Φˆ(t)Φˆ(t′)
]1/2 ∞∑
s=0
Qns(t)Qns(t
′)
×
[
σ
σ + s− nJl+s−2n(2
√
tt′)− σ
σ − s+ nδls
]
. (2.21)
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Here the Jl is the Bessel function, σ = ωLO/ωB, and the two terms in the square
brackets are connected with the two terms in Fig. 2.4.
Now it is clear that the scattering amplitude Σ has a pole in ε if λl coincides
with an eigenvalue of the kernel K ll . In other words, the equation for the energies
of the bound states of the electron and optical phonon is
λl(ε) = λ
l
n,r, r = 1, 2, 3, . . . (2.22)
where the subscript r numbers different eigenvalues λln,r of the kernel K
l
n. It
follows from Eq. 2.22 that the energies of the bound states are
εln,r = εn −
αωB
λln,r
≡ εn −W ln,r (2.23)
whereW ln,r are binding energies of the bound state referred to the Landau level n.
It is seen that for any n = 1, 2, 3, . . ., all bound states are rigorously stationary.
The bound states are identified by the total angular momentum l of the rotation
around B. It takes both non-negative and negative integer values. For the wealth
of the spectrum for a given n and l, participation in the formation of bound
states of phonons with any momentum is liable. In the case of a 3D samples,
the bound states appeared only below the threshold, for in this case a continuum
of two-particle electron+phonon states is located above the threshold. There is
no such continuum for the 2D electron systems so that bound states are present
both below the ”threshold” (W > 0) and above it (W < 0). This means that
the energies of the bound states are determined, according to Eq. 2.23, by
eigenvalues λln,r of both signs.
2.3 Cyclotron-phonon resonance
In this section, the effect of the electron and optical phonon bound states on
the spectrum of the cyclotron phonon resonance in the 2DEG is studied. The
cyclotron phonon resonance is observed in semiconductors as a result of optical
transitions of an electron from one Landau level to another accompanied by the
emission and absorption of an optic phonon. According to the simplest ideas
based on the perturbation theory [97, 103], the absorption peaks corresponding
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to the emission of the optical phonons should observed for photons of frequencies
νn = nωB + ω0. The more rigorous analysis [104] shows, however, the cyclotron
phonon resonance peaks should have fine structure due to appearance of the
bound states of an electron and a newly created optical phonon. Thus, the
bound states in the 2DEG should be developed in the absorption spectrum at
energies
h¯ν = h¯νn −W lnr, νn = nωB + ω0. (2.24)
On absorbing a photon of this frequency, the electron is transferred from the
initial s = 0 Landau level to the s = n level and simultaneously creates the
optical phonon which is bound to the electron in the final state.
In calculating the absorption coefficient it is assumed that the temperature
and density of the carrier are low enough so that T ≪ W and the Fermi energy
εF ≪ W . Therefore before the light absorption, all electrons are in the level
s = 0. The capacitance of one Landau level allowing for two spin orientations
in a magnetic field B = 5 T amounts N0 = 2.4 · 1015 m−2. We assume also
that electron transitions occur between the Landau levels corresponding to the
lower transverse quantization level, k = 1, and the higher transverse quantization
levels, k > 1 are located so far away that they can be ignored. The thickness
of the 2DEG sheet, for which spatial quantization effects become apparent, is so
small that the spatial dispersion of the light. can be neglected.
2.3.1 Absorption coefficient and bound states
The absorption coefficient can be defined fromMaxwell equations as a light energy
fraction w at the frequency ν absorbed in the 2DEG in the z-direction. It is
convenient to express the electron current density in Maxwell equations in terms
of the photon polarization operator Π. Then using the calculation methods in
[124], the fraction w sought for can be represented in the form
w±(ν) = − 4πc
ν
√
κ(ν)
ImΠ±(ν), (2.25)
Π±(ν) =
∫
dz1dz2Π
±(ν; z1, z2)|ψ(z1)|2|ψ(z2)|2. (2.26)
Here Π±(ν; z1, z2) is the photon polarization operator in the coordinate represen-
tation. It is assumed that the incident light is along z-direction and has circular
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polarization. The plus and minus signs pertain here to right-hand and left-hand
polarization of the light, and κ(ν) is the dielectric permeability of the well walls at
the frequency ν. In the diagram technique, the sum of two diagrams in Fig. 2.5
corresponds to the polarization operator Π±(ν). The diagrams consist of electron
Figure 2.5: Photon polarization operator Π±(ν).
loops with all possible phonon lines and, it is convenient, to consider that all the
electron and phonon lines are ”bold”, i.e. the exact electron and phonon Green
functions correspond them. Wave lines on this figure are referred to the photon
lines. Each electron Green function, in general, is the sum of the retarded and
advanced Green functions, G = GR +GA. However, GA is finite only for a small
range of electronic states, the volume of which is proportional to the electron
concentration. If put G = GR in all lines and to carry out integration over the
electron energetic parameter ε, then one can be convinced that Π = 0 as far as
the expression to be integrated is analytical in upper half plane Imε > 0. In order
to obtain an expression for Π in the lowest order in the electron concentration
it is necessary in each diagram to replace G by GA in one electron line and to
replace G by GR in all remaining lines. The line GA picked up in this way is
referred to the initial electron state in the lowest energy level E0 and so far as
the perturbation theory is valid in this energy range then the free Green function
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for GA can be taken,
GAs (ε) =
2πa2BN
ε− sh¯ωB − i0δs0. (2.27)
Here N is the carrier density for 1cm2 area of the 2DEG plane. Now taking the
integral over parameters of the function Eq. (2.27), Π can be represented in the
form
Π±(ν) = NP±(ν), (2.28)
where the quantity −iP±(ν) is determined by the sum of diagrams shown in
Fig. 2.6. In this figure shaded parts are represented by the compact diagrams
+
Figure 2.6: Sum of diagrams for the photon polarization operator −iP±(ν).
without dangerous intersections in one electron and one phonon lines referred to
the Landau level n. As far as we are interested in the frequency range ν ≈ νn,
it is clear that the main contribution to −iP±(ν) comes from diagrams with
dangerous intersections. Therefore in the sum in Fig. 2.6, the diagrams without
dangerous intersections giving a smoothly varying contribution in −iP±(ν) and
coinciding with the free electron contribution in the absorption are not depicted.
Now making use of the gradient invariant diagram technique, the contribu-
tions of diagrams in Fig. 2.6 can be calculated explicitly. In terms of the
scattering amplitude Σl with l = ±1, it gives
Π±(ν) =
N
2
e2
mc2
ωBωLO
[ω0 + (n∓ 1)ωB]2
{
λ(ν)Φ¯n + λ(ν)
2R¯±n (ν)
}
, (2.29)
R¯±n (ν) =
1
n!
∫ ∞
0
dtdt′e−(t+t
′)/2(tt′)(n+1)/2[Φˆ(t)Φˆ(t′)]1/2R±1n (ν; t, t
′).(2.30)
Φ¯n =
1
n!
∫ ∞
0
dte−ttn+1e−tΦˆ(t). (2.31)
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Notice that two terms in the figure brackets in Eq. (2.29) are connected with
the two terms of Fig. 2.6. Expanding the resolvent R as a sum over the poles,
we bring R¯±n (ν) to the form
R¯±n (ν) = −
∞∑
r=0
|d±nr|2
λ(ν)− λ±1nr + i0
, (2.32)
d±nr =
1√
n!
∫ ∞
0
dte−t/2t(n+1)/2Φˆ(t)1/2χ±1nr (t), (2.33)
where χ±1nr (t) are the eigenfunctions of the kernel K
±1
n (t, t
′). Now for the absorbed
fraction of the radiation energy w, we obtain ultimately
w±(ν) = 2πN
e2
mc2
c√
κ(ν)
ωBωLO
[ω0 + (n∓ 1)ωB]2
1
νn
ImF±n (ν), (2.34)
where
F±n (ν) = −λ(ν)
∞∑
r=0
λ±1nr |d±nr|2
λ(ν)− λ±1nr + i0
. (2.35)
Here we use the completeness of eigenfunctions χ±1nr (t) and unify both terms in
the figure brackets in Eq. (2.29). From Eq. (2.35) we see that for ν < νn,
only terms of the sum contribute to ImF for which λ±1nr > 0, and on the contrary,
for ν > νn, only the terms, for which λ
±1
nr < 0. It is easy to be convinced that
ImF = 0 for ν = νn. Taking the imaginary part of F and using up the delta-
function in ν variable, we obtain the following final formula for the absorption
coefficient
w±(ν) = 2πN
e2
mc2
c√
κ(νn)
∞∑
r=0
f±nrπδ(ν − νn +W±1nr ). (2.36)
The oscillator strength for the transition to the bound state nr with l = ±1 is
here
f±nr = α
ω0
ω0 + nωB
ωBωLO
[ω0 + (n∓ 1)ωB]2 |d
±
nr|2. (2.37)
Recall that in Eq. (2.36), W±1nr denote the binding energies of the bound states
with l = ±1, located near the ”threshold” ν = νn. So far as for the initial state
l = 0 then it is seen that the same selection rules as for free electrons are remained
for the total momentum l. At the absorption of right-hand polarized light, the
bound states with l = +1 are manifested while for left-hand polarized light, the
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bound states with l = −1 are actual. Namely on this ground, one can consider
l < 0 as a generalization of the Landau quantum number.
Using the identity
∞∑
r=0
|d±nr|2 = Φ¯n, (2.38)
one can find for the total oscillatory strength
f±n ≡
∞∑
r=0
f±nr = α
ω0
ω0 + nωB
ωBωLO
[ω0 + (n∓ 1)ωB]2 Φ¯n. (2.39)
It is seen that at n = 1 in the strong magnetic fields, ωB ≫ ω0, there is an asym-
metry in the absorption with respect to the left- and right-hand polarizations.
Notice that the first term in the figure brackets in Eq. 2.29 corresponds
to a perturbation-theory calculation of the absorption and yields a delta-like
absorption peak at the ”threshold” for ν = νn. Actually, there is no such peak
in absorption. It is canceled out when the second term is taken into account
so that absorption is concentrated on the bound states below and above the
”threshold” ν = νn. In the 3D case, this corresponds to the transformation of
the threshold singularity (ν − νn)−1/2, which becomes infinite at the threshold,
into the singularity (ν − νn)1/2, which goes to zero [105].
2.4 Binding energies and oscillator strengths
The investigation of the kernel (2.21) cannot be done in general case. Therefore
in this section, the actual calculation of the binding energies and of the oscillator
strengths are carried out by considering separately the limiting cases of strong
and weak magnetic fields, i.e. ωB ≫ ω0 and ωB ≪ ω0.
2.4.1 The averaged form factors
We find first the averaged form factors Φ¯ and Φˆ(t) for the bulk PO phonons in-
side quantum wells and in heterostructures as well as for the surface SO phonons
created in single heterostructures near interfaces separating different materials.
These form factors, just as the electron-phonon interaction coupling constants α,
depend on the interaction mechanism and on the nature of the phonon localiza-
tion. According to the experimental situation, we consider that in the quantum
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wells, electrons are confined in the infinitely high quantum well (par example, in
the AlAs/GaAs/AlAs type quantum wells, the height of the well walls is circa
1500 meV at the same time as the energy of the lowest level of the spatial quan-
tization is around 50 meV). Hence the electron wave functions and energies for
an electrons moving along z ‖ B-direction are
ψk(z) =
√
2
d
sin
πk
d
z, k = 1, 2, 3, . . . , εk = k
2h¯ωd, h¯ωd =
π2h¯2
2mcd2
(2.40)
where d is the width of the well. The bulk-like PO phonons in the quantum wells
are confined between well facings [122, 123] and, therefore, their wave functions
for the moving along z are
ϕq‖(z) =
√
2
d
sin q‖z, q‖ =
π
d
j, j = 1, 2, 3, . . . . (2.41)
In the case of the heterostructure, we use the variation electron wave function for
the lowest level of the spatial quantization suggested in [125, 126],
ψ(z) =
(
b3
2
)1/2
z exp
(
−bz
2
)
(2.42)
where the parameter b is determined from the minimum of the total electron
energy. The average distance z¯ of electrons from the heteroface is z¯ = 3/b.
In this case, the bulk PO phonon motion along z is confined from one side
by the heteroface (PO phonons do not penetrate from one material of the het-
erostructures to another.). Therefore, wave functions are given by
ϕq‖(z) =
√
2
L
sin q‖z, q‖ =
π
L
j, j = 1, 2, 3, . . . , (2.43)
where L is the normalizing length in that semiconductor where the 2DEG is
located.
Now using the condition that the well be narrow, which is equivalent to d≪
aB, p0, we find the averaged form factors (2.16) and (2.31):
for the PO phonons in the quantum wells
Φˆ(t) =
(
2
π
)3 ∞∑
n=1
1
n2
∣∣∣∣
∫ pi
0
dζ sin2 ζ sinnζ
∣∣∣∣2 δ1/2 =
(
π
12
+
5
8π
)
δ1/2 ≈ 0.46δ1/2,(2.44)
Φ¯n = (1 + n)Φˆ(t), δ =
ωPO
ωd
= (pPOd/π)
2, (2.45)
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for the PO phonons in the heterostructures
Φˆ(t) =
11π
16
δ1/2 ≈ 2, 16δ1/2, Φ¯n = (1 + n)Φˆ(t), δ = (pPOz¯/π)2. (2.46)
For the surface SO phonons created at the single heterofaces one can obtain
Φˆ(t) =
1
2
(
σ
t
)1/2
, Φ¯n =
(2n+ 1)!!
2n+2n!
√
πσ, σ =
ωSO
ωB
. (2.47)
Notice that form factors Φˆ(t) and Φ¯n which enter in the kernel (2.21) and in
the polarization operator (2.29), respectively, do not depend on the width of the
2DEG in the case of the SO phonons (so long as d≪ aB, p−1SO) while in the case of
the bulk PO phonons, the width d enters in the form factors only as a factor. For
the latter reason, the binding energies and oscillator strengths of the PO phonon
assisted bound states in the quantum wells and heterostructures differ only by
numerical factors appeared in the form factors Φˆ(t) in Esq. (2.44) and (2.46).
For brevity, therefore, below we adduce only results for PO phonons in quantum
wells, bearing in mind that the binding energies and oscillator strengths for PO
phonons in heterostructures can be obtained fromW and f in the quantum wells
by multiplying them with a numerical factor 4.7.
2.4.2 Strong magnetic fields
In the following we will consider the bound states for l = ±1, since only these
branches of the bound states contribute to the light absorption.
In the strong fields we have σ ≡ ω0/ωB ≪ 1, and therefore, only the term
s = 0 is to be retained in the sum for the kernel (2.21), so that
K±1n (t, t
′) = ±[Φˆ(t)Φˆ(t′)]1/2Qnn(t)Qnn(t′)
[
J±1−n(2
√
tt′)− δ±1n
]
. (2.48)
For the PO phonons at n = 0, one is managed to find the solution of this kernel
using the invariance of the Laguerre polynomials with respect to the Bessel trans-
formation. The kernel (2.48) differs only by a factor from the kernel investigated
in Ref. [127]. Therefore, borrowing the eigenvalues and eigenfunctions from this
reference, we get the binding energies and oscillator strengths in this case
W±r = ±(−1)r
(
π
12
+
5
8π
)
ρ2(r+1)δ1/2σ−1αωLO, (2.49)
f±r = 5(r + 1)
(
π
12
+
5
8π
)
ρ4(r+1)δ1/2α, (2.50)
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where ρ = (
√
5− 1)/2 = 0.618 . . . coincides with the golden ratio, r = 1, 2, 3, . . ..
We see from here that the spectra and oscillator strengths of the branches l = 1
and l = −1 are obtained from each other by mirror reflection about the threshold.
This is true also for the case of the SO phonons at n = 0. Comparison of the
formulas (2.49) and (2.50) with corresponding formulas from [127, 105] shows
that the binding energies and oscillator strengths fall slowly in the series than in
the three dimensional case. As before, however, the first line contains the main
part of the total absorption and is mostly removed from the ”threshold”. For
the case of the SO phonons as well as for the PO phonons at n 6= 0, one is not
succeeded to find the exact solution of the kernel K±1n . Nonetheless, one can see
from Eq. (2.48) that in this case, all the physical parameters, particularly d and
B, enter in the kernel K±1n only in the form of multipliers (via the from factors).
This means that the eigenvalues λ±1nr are proportional to these factors and the
eigenfunctions χ±1nr do not depend on them. As a result, the dependencies of the
binding energies and the oscillator strengths on d and B are easily determined.
Applying the methods related with the Sylvester determinants [128], one can
show that eigenvalues of the kernel 2.48 of either sign exist, and their number in
both signs is infinite. The increasing velocity of the eigenvalues is determined by
the analytical features of the kernel [129]; as far as the later are the same both
for the case of the PO phonons at n = 0 and for the case of the PO phonons at
n 6= 0 as well as for the case of the SO phonons, then one can anticipate that the
eigenfunctions of the kernel (2.48) will increase exponentially. This means that
the formulas (2.49) and (2.50), obtained in the particular case, correctly illustrate
the dependencies of the binding energies and the oscillator strengths on the series
number r. Formulas for the binding energies and the oscillator strengths of the
most removed bound states are collected in the Table 2.1. Thus, in the strong
magnetic fields for any l = ±1 both for PO and SO phonons, there exist two
sequences of bound states concentrated to the ”threshold” both from above and
below it.
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Table 2.1: Binding energies and oscillator strengths in the strong magnetic fields.
Recall that W2D = αh¯ω0 denotes the characteristic binding energy scale for the
2DEG. The bound state index r = 2, 3, 4, . . ..
Phonon Binding energies Oscillator strengths
mode
W±0r = ∓(−1)rρ2rδ 12σ−1W PO2D f±0r = rρ4rδ
1
2αPO
PO |W±nr| ∼ δ
1
2σ−1W PO2D , n ≥ 1 f+1r ∼ δ
1
2σ−1αPO, f−1r ∼ δ
1
2σαPO
f±nr ∼ δσαPO, n ≥ 2
f±0r ∼ σ
1
2αSO
SO |W±nr| ∼ σ−
1
2W SO2D f
+
1r ∼ σ− 12αSO, f−1r ∼ σ 32αSO
f±nr ∼ σ
3
2αSO, n ≥ 2
2.4.3 Weak magnetic fields
In weak fields (σ ≡ ω0/ωB ≫ 1), the kernel (2.21) can be approximated by a
sequence of degenerate kernels [127, 105], i.e. terms of the sum in (2.21) can be
expanded in powers of σ−1 so that this (2.21) can be represented by
K±n (t, t
′) =
∞∑
i,j=0
(
K±n
)
ij
(gn(t))i (gn(t
′))j (2.51)
where
(gn(t))i = t
1+n+2i
2 e−
t
2
√
Φˆ(t). (2.52)
The coefficients (K±n )ij are constructed in such a way that if we retain a finite
number of terms in the expansion in terms of σ−1, an infinite matrix reduces
to a finite one while the integral equation–to a finite system of linear equations.
Solving the obtained finite system of linear equations one can find the eigenvalues
λ±1nr and the integral (2.30) from the resolvent R
±1
n . For example, in the principal
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order retaining the terms of the order of σ−1 and dropping the terms of the higher
order of σ−2, σ−3, . . . we find for:
n = 0 ∣∣∣∣∣∣K+0
∣∣∣∣∣∣ = σ−1 0
0 σ−1
,
∣∣∣∣∣∣K−0
∣∣∣∣∣∣ = −σ−1 , (2.53)
for n = 1
∣∣∣∣∣∣K+1 ∣∣∣∣∣∣ = −3σ
−1 σ−1
σ−1 −1
2
σ−1
, ,
∣∣∣∣∣∣K−1 ∣∣∣∣∣∣ = −σ−1 . (2.54)
In this lowest order in B we get three bound states above the ”threshold”: two
with l = +1 and one with l = −1. Expressions obtained for the binding ener-
gies and oscillator strengths at n = 0 and n = 1 are collected in Table 2.2 and
2.3, respectively for the bound states with assistance of the PO phonons in the
quantum wells and heterostructures and of the SO phonons created at the single
heterofaces. It is seen from Tables 2.2 and 2.3 that the state with l = −1 is
Table 2.2: Binding energies and oscillator strengths in the weak magnetic fields
for the PO phonon assisted bound states in quantum wells.
n Binding energies Oscillator strengths
W+01,3 = (2±
√
3)
(
pi
12
+ 5
8pi
)
δ
1
2σ−2W PO2D f
+
01,3 =
√
3±1
2
√
3
(
pi
12
+ 5
8pi
)
δ
1
2σ−2αPO
n=0
W−02 = −
(
pi
12
+ 5
8pi
)
δ
1
2σ−2W PO2D f
−
02 =
(
pi
12
+ 5
8pi
)
δ
1
2σ−2αPO
W+11,3 = −(3 ±
√
3)
(
pi
12
+ 5
8pi
)
δ
1
2σ−2W PO2D f
+
11,3 =
(
pi
12
+ 5
8pi
)
δ
1
2σ−2αPO
n=1
W−12 = −2
(
pi
12
+ 5
8pi
)
δ
1
2σ−2W PO2D f
−
12 = 2
(
pi
12
+ 5
8pi
)
δ
1
2σ−2αPO
located between the two states with l = +1 and the oscillator strength of the
state with l = −1 is the sum of the oscillator strengths of the two states with
l = +1. If retain also terms of the orders of σ−2, the order of the matrixes (K±n )ij
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Table 2.3: Binding energies and oscillator strengths in the weak magnetic fields
for the SO phonon assisted bound states at the heterofaces.
n Binding energies Oscillator strengths
W+01,3 = −23±
√
337
64
√
π σ−
3
2W SO2D f
+
01,3 =
√
337±11
8
√
337
√
π σ−
3
2αSO
n=0
W−02 = −
√
pi
4
σ−
3
2W SO2D f
−
02 =
√
pi
4
σ−
3
2αSO
W+11,3 = − 244(19±√41)
√
π σ−
3
2W SO2D f
+
11,3 =
3(
√
41±1)
16
√
41
√
π σ−
3
2αSO
n=1
W−12 = −3
√
pi
8
σ−
3
2W SO2D f
−
12 =
3
√
pi
8
σ−
3
2αSO
will increase by one, and new bound states will appear with the binding ener-
gies and oscillator strengths proportional to σ−2. Omitting highly cumbersome
computations, we adduce only final formulas for the binding energies and the
oscillator strengths at n = 0 of higher order in σ−1:
for the PO phonon assisted bound states
W±0r = (−1)r
(
π
12
+
5
8π
)
r!δ
1
2σ−r−1W PO2D , (2.55)
f±0r =
(
π
12
+
5
8π
)
 r + 1r

 (r!)2δ 12σ−2rαPO, (2.56)
for the SO phonon assisted bound states
W±0r = (−1)r
√
π
(2r − 1)!!
2r+1


2r+1
2(r+1)
1

σ−r− 12W SO2D , (2.57)
f±0r =
√
π
[(2r − 1)!!]3
23r−1r!


[
2r+1
2(r+1)
]3
r

 σ−2r+ 12αSO. (2.58)
In these formulas r = 2, 3, 4, . . .. The upper and lower values in the figure brackets
pertain to the right- and left-hand polarization of the light. Recall that W2D =
αh¯ω0 denotes the characteristic binding energy scale for the 2DEG. Now it is seen
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that upon increasing the bound state index r, the binding energies and oscillator
strengths fall sharply both for PO and SO phonons. Furthermore, in weak fields,
this decrease of W and f is faster than that of in the strong fields. In the weak
fields, the following relation takes place
f±nr ∼
1
h¯ω0
W±nr. (2.59)
In the strong fields, this relation holds at n = 0 only for the right-hand polar-
ization. The corresponding expression for the left-hand polarization at n = 1 as
well as for both polarizations at n ≥ 2 are
f±nr ∼
1
h¯ω0
σ2W±nr (2.60)
and at n = 0
f±nr ∼
1
h¯ω0
σW±nr, (2.61)
i.e. in these cases the oscillator strengths are essentially weaker.
From the results of the calculations for W and f , thus, it becomes clear that
the absorption spectrum in both the right- and left-hand polarization should con-
stitute an ”asymmetric doublet” (Fig. 2.7). In the strong fields this asymmetry
is with respect to a numerical parameter of type ρ and in the weak fields – with
respect to the large parameter σ.
2.5 Discussion of results
2.5.1 Numerical estimates
Both from the fundamental and technological point of view, the most impor-
tant nanostructures are based on GaAs/AlxGa1−xAs heterojunction. Therefore,
for numerical estimates, we choose a GaAs/AlxGa1−xAs single-heterostructure or
quantum well as our calculation model. The values of physical and material [130]
parameters for these structures are given in Table A.1 in Appendix A. The ener-
gies and coupling constants for the SO phonons arising at the GaAs/AlxGa1−xAs
heteroface for x = 0.3 and x = 1 are obtained from formulas (2.7)-(2.9). There
exist two, GaAs and AlGaAs like SO phonon modes for a given x with energies
below the GaAs like and AlGaAs like bulk PO phonon energies, respectively. The
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Figure 2.7: Cyclotron phonon resonance spectrum. The dashed line shows the
absorption spectrum when no bound states are taken into account. The bold line
is the skirt.
coupling constant αSO for the electron interaction with GaAs like SO phonons is
much greater than that of for the AlGaAs like SO modes. Therefore we ignore the
electron coupling to such AlGaAs like SO phonons. Notice that the SO phonon
energies and coupling constants for each mode are changed weakly in x.
Let discuss in more detailed the bulk PO phonon localization effect across the
GaAs/AlxGa1−xAs heteroface. Using the experimental results [131], we find that
the PO phonon dispersion law in GaAs can be described by
ωLO(q) = ωLO
(
1− q
2
q20
)
, ωLO = 295 cm
−1, q0 = 18.5 nm−1. (2.62)
The phonon momenta important in the formation of bound states obey to the
restrictions, q⊥<∼a−1B and q‖<∼π/d. Even in strongest fields (B = 20 T) and for
narrow wells (d = 2.5 nm) we have q<∼1 nm−1 so that |ωPO(q)− ωPO|<∼1 cm−1.
However, the GaAs like PO mode in Ga0.7Al0.3As has the frequency 284 cm
−1.
Therefore, the PO vibrations in GaAs are localized in a well with walls of height
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δωPO = 11 cm
−1 which is considerably greater than the dispersion |ωPO(q)−ωPO|.
The depth of penetration of the PO vibrations of GaAs into Ga0.7Al0.3As can be
estimated as q−1
√
ωPO/δωPO ≈ 0.3 nm. This means that the bulk PO phonons
are strongly localized in quantum wells. This result is in full agreement with the
experimental Raman scattering data. [132, 133, 134].
The assumption of the narrow well, ∆Ed ≡ E2 − E1 ≫ h¯ωB, h¯ω0, is well
justified for the well width d less than 20 nm. Par example, at d = 10 nm, the
transverse quantization separation between the first and second highest levels is
∆Ed = 170 meV which is notably greater than the phonon energies, h¯ωPO = 36.62
meV, h¯ωSO = 34.57 meV at x = 0.3, and h¯ωSO = 34.82 at x = 1. In the
GaAs/AlxGa1−xAs quantum wells and heterostructures, the resonance fields are
BPO = 20.87 T, BSO = 19.70 T at x = 0.3, andBSO = 19.85 T at x = 1 so that we
usually obtain the situation ωB<∼ω0 and, therefore, in estimates we use formulas
obtained in the case of the weak magnetic fields. Thus, for GaAs/AlxGa1−xAs
quantum wells and heterostructures using formulas in Tables 2.2 and 2.3, as well
the numerical values from Table A.1, we obtain ultimately the W and f . The
results for the most removed states bound to the PO and GaAs like SO phonons
(x = 0.3) in the case of n = 1 are collected in Table 2.4. One can see that for
d ∼ 10 nm and B ∼ B0 the binding energies are W ∼ 1 meV.
For actual estimates of the absorbed energy fraction, w, we have to allow
for the Landau level broadening, i.e., for the smearing of the delta-function
in Eq. (2.36). In rough estimates we can replace the delta-function with a
Lorentzian characterized by the total width h¯/τ , where τ is the relaxation time
deduced from the mobility. At the absorption maximum we have then πδ(ω)→ τ ,
so that
w = 4πN
e2
mcc2
c√
κ(νn)
fτ. (2.63)
In quantum wells of good (but not exceptional) quality we have µ = 105 V s m−1
which corresponds to τ = 4 ps and a line width h¯/τ = 0.15 meV. Therefore, in
a field of B = 4 T and for d = 10 nm the bound states from Table 2.4 can
hardly be resolved. However, if the field is increased up to 10 T and the well
width up to 15 nm, we can increase the binding energies and oscillator strengths
by an order of magnitude, i.e. we can obtain W ≈ 1 meV and f ≈ 10−2. We
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Table 2.4: Binding energies and oscillator strengths in the weak magnetic fields
for the PO phonon assisted bound states in quantum wells. In these formulas d,
B and W should be taken in nm, T, and meV, respectively.
Phonon Binding energies Oscillator strengths
mode
W+11,3 =
{
4.4
1.2
}
(d/10) (B/20.87)2 f+11,3 = 2.6 · 10−2 (d/10) (B/20.87)2
PO
W−12 = 1.9 (d/10) (B/20.87)
2 f−12 = 5.2 · 10−2 (d/10) (B/20.87)2
W+11,3 = −
{
0.6
0.3
}
(B/19.7)
3
2 f+11,3 =
{
0.8
0.6
}
· 10−2 (B/19.7)2
SO
W−12 = 0.5 (B/19.7)
3
2 f−12 = 1.4 · 10−2 (B/19.7)
3
2
will estimate the absorption under these conditions on the basis of Eq. (2.63).
Assuming that N = 4 · 1015 m−2, we find that w = 5 · 10−3. This means that a
ten-layer superlattice can give rise to the fully perceptible absorption amounting
to few percent. Recalculation to the bulk absorption coefficient γ = w/d yields
γ ≈ 107 m−1 (at a bulk density N/d = 5 · 1023 m−3).
The above estimates for the phonon dispersion |ωPO(q) − ωPO| and for the
binding energies W shows that |ωPO(q) − ωPO| ≪ W at the phonon momenta
important in the bound state formation. This means that the neglect of the
phonon dispersion is justified in this theory.
2.5.2 Conclusion
From the results of the calculations it follows that the branches of the spectrum
of two-particle elementary excitations in the 2DEG exposed to the quantizing
magnetic field normal to the electron sheet plane describe the bound states of
the electron and the optic phonon and there are infinite number of them. The
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bound states are characterized by the total angular momentum l = 0,±1,±2, . . .
of rotating around B. The states with a given l are additionally numbered by
indexes n and r. Index n indicates the number of the ”threshold” near which an
infinite sequence of the bound states numbered by the index r is located. Upon
increasing r, causing the binding energy W lnr to fall, there is a simultaneous fall
also in the oscillator strength f lnr, approaching to zero at r →∞. The absorption
is governed by the bound states with l = ±1. The binding energies, generally
speaking, can be of any sign. Therefore the absorption concentrated not at the
”threshold” but below and above it at the separation of W±1nr . The characteristic
scale of the binding energies W2D = αω0 is essentially greater than corresponding
scale in the massive samples, W2D = α
2ω0.
The bound states and the cyclotron phonon resonance are determined by the
density of states of a system of two particles: an electron at the level n and
an optic phonon. Since the phonon dispersion is ignored, it follows that both
particles have an infinite mass so that this system does not have a continuous
spectrum. All the electron and phonon states are bound and rigorously stationary.
This is the fundamental difference between the cyclotron phonon resonance in a
2DEG and that in a 3D eectron gas. For this reason the absorption coefficient
for the 2D cyclotron phonon resonance cannot be calculated from perturbation
theory.
In strong fields, the binding energies and the oscillator strengths of the states
above the threshold are of the same order of magnitude as for the states below the
threshold. Therefore, the absorption spectrum should consist of two groups of
peaks, which are of approximately the same amplitude and are located approxi-
mately asymmetrically relative to the ”threshold”. The separation between these
two groups of peaks is of the same order of magnitude for the right- and left-hand
polarizations. The absorption depends on the number n of the final Landau level.
The maximal absorption is for the right-hand polarization for the bound states
arising near the n = 1 level. The absorption for left-hand polarization at n = 1
and for both left- and right-hand polarizations at n ≥ 2 are (B/B0)2 times less.
At n = 0, the absorption is suppressed for both polarizations in (B/B0) times In
weak fields the bound states with the maximum binding. energies and oscillator
strengths lie above the thresholds, because the peaks below the threshold (at
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ν < νn) should be weaker and closer to the ”threshold”. However, in contrast to
the case of strong fields in the weak fields, the absorption is of the same order of
magnitude irrespective of the polarization and of the index n. In the 2DEG, all
bound states in the case of n ≥ 1 and part of states at n = 0 lie above the PO
phonon energy, hence their observation should not be hindered by strong lattice
reflection.
From comparison the binding energies for PO and SO phonons in Tables 2.2
and 2.3 it is clear that
WLO
WSO
∼ δσ− 12
(
ωB
ωd
) 1
2 ≪ 1, (2.64)
In this estimate the difference between the numerical values of the coupling con-
stants α, the phonon frequencies ω0 for the PO and SO phonons are ignored.
The relationship (2.64) applies in strong and weak fields. A similar relationship
describes the oscillator strengths. Thus, the states bound to SO phonons should
be easier to observe experimentally.
Chapter 3
Electron-phonon relaxation.
Interface effect
3.1 Introduction
Scattering of electrons in massive samples by lattice vibrations in metals and
semiconductors has been intensively investigated in the last several decades and
at present it is well studied. Comprehensive reviews for a variety of scattering
phenomena are given in [135] and [136]. In the last years semiconductor nanoscale
systems with carrier confinement in one, two, and all three dimensions are attract-
ing increasing interest (see reviews [6, 7, 8, ?]). The wave functions compressed
by the lateral confinement may lead to a substantial enhancement in the optical
properties of device nanostructures because the quantum effects can be used to
concentrate the optical oscillator strengths at the active transitions. Furthermore,
these structures under different new environments exhibit discrete charging effects
and give promise of devices operating in the limit of single electron transport. In
GaAs/AlGaAs type heterostructures, Coulomb scattering of electrons on the ion-
ized impurities can be suppressed by concentrating the impurities in layers with
wide bands while charge carriers − in narrow bands. Such a spatial separation of
the impurities and charge carriers is attained by use of a modulated doping tech-
nique [137]. This leads to the strong enhancement of the carriers mobility. Even
more higher mobilities can be achieved separating the carrier and impurities with
an additional non-doped spacer [138]. A comparison of experimental results with
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theories of electron scattering in modulated doped heterostructures with spacers
shows [139] that in temperatures some below 77K, the acoustic phonon scattering
dominates while at helium temperatures − Coulomb scattering. In the higher
temperature range, the electron scattering goes mainly due to the electron-optic
phonon interaction [140]. In the intermediate temperature range 4.22−77 K, the
piezoelectric scattering of acoustic phonons is suppressed [141] hence the scat-
tering of the 2DEG on the deformation potential of acoustic phonons becomes
more important. Investigations of the carrier scattering in the 2DEG have been
carried out by many authors [142, 143, 144, 145, 146]. The electron scattering has
been considered in inversion layers [142] and heterostructures [143, 144]. Various
relaxation times verified experimentally have been calculated [145, 146]. How-
ever, the effect of the phonon reflection from various interfaces on the scattering
of the 2DEG from acoustic phonons has not been considered. Interfaces always
exist in real structures such as inversion layers, heterostructures, and quantum
wells. (The only exceptions are [147, 148, 149, 150]. All these treatments will be
discussed later.)
It is usually accepted that the reflection is unimportant and contributes at
most a correction factor of the order of unity. However, it will be shown here
that this is not the case. Actually, there are situations when the reflection of
phonons alters the energy dependence of the electron relaxation times and even
can change the order of magnitude of the relaxation times.
It is very difficult to include the phonon reflection using the traditional meth-
ods. Consider the following situation: electrons in an inversion layer in the
vicinity of a semiconductor surface. If we adopt the usual method, a semi-infinite
crystal should be replaced by a finite volume L3 (see Fig. 3.1), the phonon field
should be quantized, the scattering probability from each phonon mode should
be obtained, and then all these probabilities should be combined, which is fol-
lowed by going to the limit L → ∞. It is necessary in the calculation of the
phonon modes to impose on the surface z = 0 near which electrons are located,
the correct boundary condition, i.g., the absence of a stress on the free surface.
Arbitrary boundary conditions can be applied to the far surface at z = L. How-
ever, irrespective of the choice of the boundary conditions, the vector nature of
the phonon field makes it practically impossible to calculate the complex normal
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Figure 3.1: In usual method for calculating the transition probability an infinite
crystal is replace by finite box of length L.
modes of a plate in the limit L → ∞. We can bypass this problem by focusing
our attention directly on the scattering probability summed over all the phonon
modes. Such a probability evaluated in the Born approximation can be expressed
in terms of the phonon field correlation function [151] and the correlation function
itself is given in terms of the elasticity theory Green function [152]. The limit
L→∞ can be then reached for such a function without any difficulties.
In this chapter, the effect of interfaces separating elastic semi-spaces on the
scattering of the 2DEG from the deformation potential of acoustic phonons is
studied [41, 43, 42]. This problem is sufficiently multiplex, in the sense, that it
contains a number of interesting particular cases of the free and rigid surfaces,
the solid-liquid interfaces etc.. Study of these limiting cases favors more com-
plete understanding of the interface effect on the electron scattering. On the
other hand, they have their own significance for device structures in each con-
crete case. Par example, the case of the solid-liquid contact is applicable directly
to the electrolyte-semiconductor device structures which are attracting increas-
ing interest in the last years in connection with a developing of new devices for
the solar energy transformation [153, 154]. The model of rigid boundary can be
applied to situations when the second medium is sufficiently heavy, for example
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metal-insulator-semiconductor (MIS) structures with a heavy gate and a thin ox-
ide layer. If in the rough approximation, differences between acoustic properties
of the dielectric and semiconductor are ignored, and a metal mass density account
for infinity, then the system can be described in the frames of this model. The
model of a free surface applies directly to inversion layers which are formed on
natural semiconductor surfaces (for example, Ge or InAs) and to heterojunctions
located at distances of the order of 10 nm from the surface. Our model is most
applicable to systems where an insulator in the MIS structure is not deposited on
the surface, but simply clamped (Mylar foil). The acoustic contact is then poor
and phonons in the semiconductor are reflected from the semiconductor-insulator
interface as if it were a free surface. We also wish to mention MIS structures with
a thin oxide layer and a thin (optically transparent) gate. The reflection coeffi-
cient for the semiconductor-insulator and insulator-metal interfaces are relatively
small. Neglecting, in the first approximation, the differences between the acoustic
properties of various media, we can describe such a system using our free surface
model.
In Sec. 3.2 a new method for calculating the probability of electron scattering
from the deformation potential of acoustic phonons is developed [41] which is
applicable to an arbitrary geometry of the sample. Using this method, it is pos-
sible to treat the reflection of phonons from a crystal surface and from interfaces
separating different materials. To illustrate the method, in Secs. 3.5 and 3.6 the
energy (and electron temperature) [41, 43] and the momentum [42] relaxation
rates for the Fermi 2DEG in the vicinity of an interface separating semi-infinite
elastic spaces are calculated. Our results and conclusions are summarized in
Sec. 3.7.
3.2 Interface effect on the electron-phonon in-
teraction
We consider the deformation interaction of electrons with acoustic phonons. As-
suming a non-degenerate band, we can write the interaction Hamiltonian in the
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lowest order of atomic displacements in the form
Hint =
1
2
Ξij{∂iuj(r) + ∂jui(r)}. (3.1)
where, i, j = 1, 2, 3, · · · label Cartesian coordinates (x = 1, y = 2, z = 3), Ξij is
the deformation potential tensor, uj(r) are the displacement vector components.
Summation over repeated indices is assumed to be carried out. It is easy to show
that the probability of an electron transition from a state Ψυ(r) with an energy ευ
to a state Ψυ′(r) with an energy ευ′ due to the perturbation defined by Eq. (3.1)
in the first Born approximation is given by the following expression:
Wυ→υ′ =
∫
d3r1
∫
d3r2Ψ
∗
υ′(r1)Ψ
∗
υ(r2)Ψυ′(r2)Ψυ(r1)
× Ξii′Ξjj′∂1i∂2j < ui′(r1)uj′(r2) >ω . (3.2)
Here < · · · >ω is the Fourier transform of the correlation function of the dis-
placement field operators in the Heisenberg representation. It is necessary to set
ω = ευ − ευ′ in the calculation of the probability.
The elasticity theory Green function Gij(r1, r2|ω) is defined as the displace-
ment along the i axis at a point r1 due to a force density
− δ(r1 − r1)e−iωt (3.3)
applied in the direction of the j axis.
Assuming an equilibrium phonon field at temperature T , we find that the
correlation function in Eq. (3.2) can be expressed in terms of the above retarded
Green function [152]
< ui′(r1)uj′(r2) >ω= −2[NT (ω) + 1]ImGij(r1, r2|ω) (3.4)
where NT is the Bose factor
NT (ω) = [exp(h¯ω/T ) + 1]
−1. (3.5)
The Green function Gij(r1, r2|ω) includes naturally all the boundary conditions
at the interface and at the surface of a sample. When some of the boundary
conditions are replaced by the boundary conditions at infinity then the retarded
Greet function Gij(r1, r2|ω + i0) = Gret(ω) should be replaced by the Green
function corresponding to outgoing waves Gout(ω).
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Eqs. (3.2) and (3.4) solve, in principle, the problem of calculating the electron
transition probability between arbitrary electron states in the case of deformation
scattering of electrons from equilibrium acoustic vibrations and they apply to an
arbitrary geometry of the sample. This approach is especially efficient at the cal-
culating of scattering in lower dimensional systems (in systems with the 2DEG,
in quantum wires and dots) when the presence of various interfaces, separating
different materials, distorts phonon modes. This method advances an easier way
to account for the phonon reflection from various interfaces and to calculate the
transition probability summed over all the phonon modes, including the surface
phonons. Recently, this method has been used to calculate the electron scattering
on surfaces of cryogen crystals (solid hydrogen, deuterium, and neon) from lattice
vibrations [155]. It should be noted also that the Green functions of the elastic-
ity theory are sufficiently well studied for several interesting sample geometries
(for a review quod vide [156]), which makes easier their use and notably shorts
calculations of the transition probability.
3.3 Scattering in a Fermi 2DEG near interfaces
separating elastic semi-spaces
In most cases, the elastic properties of a sample are those of a layered medium (for
example, a semi-infinite semiconductor or a system consisting of oxide and metal
layers) and electrons move in a plane parallel to the interface. We shall assume
that the plane z = 0 near which the 2DEG is located in a medium 1 represents
the interface between two elastic media and the z-axis is directed away from a
medium 2. Such systems have the translation invariance in x and y directions so
that it is convenient to make the Fourier transformation
Gij(r1, r2|ω) =
∫
d2q
(2π)2
gij(ω,q|z1, z2)exp[iq · (R1 −R2)] (3.6)
where r = (R, z), q and R are two-dimensional vectors in the (x, y)-plane. In
the absence of a magnetic field, the electron wave functions are given by
Ψnk(r) =
1
L
exp[ik ·R]ψn(z). (3.7)
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Here, k is the electron momentum in the (x, y)-plane, n labels states describing
the electron motion in the direction of the z-axis, L2 is the area of the structure
in the (x, y)-plane. Substituting Eqs. (3.6) and (3.7) in Eqs. (3.2) and (3.4) we
obtain
W±nk→n′k′ =
2
L2
[NT (ω)+
1
2
±1
2
]
∫
dz1
∫
dz2 ψ
∗
n′(z1)ψ
∗
n(z2)ψn′(z2)ψn(z1)D(ω,q|z1, z2)
(3.8)
where
D(ω,q|z1, z2) = −Im[Ξii′Ξjj′qiqjgi′j′ − Ξ33Ξjj′qji ∂
∂z1
g3j′ + Ξii′Ξ33qii
∂
∂z2
gi′3
+ Ξ233
∂2
∂z1∂z2
g33]. (3.9)
Here the indices i, j take only values 1, 2. For brevity, we have omitted in Eq. (3.9)
the dependence of gij on their arguments. It is necessary to set q = k−k′ in the
transition probability defined by Eq. (3.8). The + and − signs in Eq. (3.8) refer
to transitions involving an energy loss, h¯ω = εnk − εn′k′ > 0 and an energy gain,
h¯ω = εn′k′ − εnk > 0, respectively.
We can further simplify the problem assuming that the scattering takes place
in an isotropic band with an energy minimum at the center of the Brillouin zone
Ξij = Ξ · δij . (3.10)
We further assume that all the layers are elastically isotropic, which means that
the dependence of gij on the orientation of q is trivial and is determined by the
matrices describing rotations in the (x, y) plane [156]. We then can exploit this
isotropy in the (x, y)-plane and obtain
D(ω,q|z1, z2) = Ξ2K(ω, q|z1, z2) (3.11)
where the kernel K is given
K(ω, q|z1, z2) = −Im
[
qiqjgij − qji ∂
∂z1
g3j + qii
∂
∂z2
gi3 +
∂2
∂z1∂z2
g33
]
. (3.12)
Since the kernel K is independent of the orientation of vector q, we may choose
q ‖ xˆ, which yields
K(ω, q|z1, z2) = −Im
[
q2g11 − iq ∂
∂z1
g31 + iq
∂
∂z2
gi3 +
∂2
∂z1∂z2
g33
]
. (3.13)
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Recall that the notation q ≡ (qx, qy) is used.
Further we require the kernel K for the contact of the semi-infinite elastic
spaces. The Green function of the elasticity theory for this case have been calcu-
lated in [157]. Substituting in Eq. (3.13) the obtained results for gij from [157],
it is straightforward although somewhat tedious to derive an expression for K.
We use following notations
r± = (α2t + q
2)2 ± 4q2αlαt, h± = α2t + q2 ± 2αlαt, γ =
ρ′c′2
ρc2
, (3.14)
α =
√
q2 − (ω + i0)
2
s2
, β =
√
q2 − (ω+i0)2
c2
(3.15)
where s and c are the velocities of the longitudinal LA and the transverse TA
acoustic waves, ρ is the mass density in the medium 1 where the 2DEG is located.
Quantities r′, h′, α′ are defined according to (3.14) and (3.15) with parameters
s′, c′, ρ′ of the medium 2. In Eq. (3.15), the branch cut for the square root is
assumed to lie along the negative real axis. We then obtain
K(ω, q|z1, z2) = ω
2
ρs4
Im
1
2αl
{exp[−αl(z1 − z2)]−R exp[−αt(z1 + z2)]} (3.16)
where
R = r+(α
′
lα
′
t − q2)− γ2r′−(αlαt + q2) + γ[2q2h+h′− + ω
4
c2c′2
(α′lαt − αlα′t)]
r−(α′lα
′
t − q2) + γ2r′−(αlαt − q2) + γ[2q2h−h′− + ω4c2c′2 (α′lαt + αlα′t)]
. (3.17)
In the kernel (3.16), the quantityR accounts for the contribution to the scattering
by the phonon modes reflected at the interface. In the range where ω > sq and
ω > s′q, expressing R in terms of the sound velocities and the phonon incidence
angles, we can easily show that R is the reflection coefficient describing the LA
→LA reflection at the interface separating elastic semi-spaces. It can be easily
seen that Eq. (3.16) at R = 0 yields the kernel K for the case when phonons
occupy the whole infinite space. In this case, phonons of the TA type, naturally,
do not contribute to K and the condition K 6= 0 is satisfied only for sq < ω.
In the range ω < cq and ω < c′q, the poles of R yield the dispersion law of
the interface Stoneley waves [158] and, therefore in this region, the kernel K is
nonzero only on the line ω = cSq where cS is the velocity of the Stoneley waves.
This is consistent with the result that the Green function used in the elasticity
CHAPTER 3. ELECTRON-PHONON RELAXATION. INTERFACE EFFECT70
theory to describe the scattering probability has simple poles as a function of ω
at the frequencies of the normal phonon modes of the system. Notice that for
such layered systems, we have no normal modes corresponding to the LA and
TA vibrations. The Green function of the elasticity theory has only branch cut
singularities corresponding to the frequencies ω = sq, s′q and ω = cq, c′q. In
general, the condition for the existence of the Stoneley waves is quite complex
and cannot be investigated analytically for an arbitrary ratio of the parameters
of the two contacted media [159]. It is, therefore, reasonable taking into account
the scattering kinematics to analyze the kernel K separately for different ranges
of the electron energy typical for the scattering in the Fermi 2DEG. This will be
done in the next section. Vide infra we consider limiting cases of the kernel K.
In the case of the contact between solid and liquid semi-spaces taking the
imaginary part in Eq. (3.16), beforehand tending c′ → 0 in Eq. (3.17), we obtain
for the kernel
K(ω, q|z1, z2) = ω
2
ρs4
1
2a
{cos[a(z1 − z2)]−Rs−l cos[a(z1 + z2)]}, sq < ω,(3.18)
K(ω, q|z1, z2) = ω
2
ρs4
[4bq2 + ρ
′
ρa′
ω4
c4
](b2 − q2)2
[4αbq2 + ρ
′α
ρa′
ω4
c4
]2 + (b2 − q2)4 e
−α(z1+z2), cq < ω < sq,(3.19)
K(ω, q|z1, z2) = ω
2
ρs4
ρ′
ρa′
ω4
c4
(β2 + q2)2
[4αbq2 + ρ
′α
ρa′
ω4
c4
]2 + ρ
′α
ρa′
2 ω8
c8
e−α(z1+z2), s′q < ω < cq,(3.20)
K(ω, q|z1, z2) = ω
2
ρs4
[4βq2 − ρ
′
ρα′
ω4
c4
]
× πδ
(
4αβq2 − (β2 + q2)2 − ρ
′α
ρα′
ω4
c4
)
e−α(z1+z2), ω < s′q (3.21)
where
Rs−l = −
4abq2 − (b2 − q2)2 + ρ′a
ρa′
ω4
c4
4abq2 + (b2 − q2)2 + ρ′a
ρa′
ω4
c4
(3.22)
is the LA →LA reflection coefficient at the solid-liquid interface. Following no-
tation is used here
a =
√
ω2
s2
− q2, b =
√
ω2
c2
− q2, (3.23)
α =
√
q2 − ω
2
s2
, β =
√
q2 − ω2
c2
, (3.24)
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and a′ and α′ are defined using the parameters of the liquid medium. In the
majority of cases the sound velocity s′ in a liquid is less than the velocity of
the TA waves in a solid, which we assume to be true here. The bulk acoustic
phonon contribution to the scattering is determined by formulas (3.18) and (3.19).
Moreover, the LA phonons contribute to the scattering only in the range ω > sq
while the TA phonons − in the whole range ω > cq. Therefore, it is impossible
to distinguish the LA and TA phonon contributions. This is natural, as far as, in
strict sense, there exist no LA and TA normal modes in this case. They are mixed
in the reflection at the interface and form a single bulk wave. It follows from the
formulas (3.18)-(3.21) that in the range ω < s′q the kernel K differs from zero
only if the argument of the delta function in Eq. (3.21) vanishes. In contrast to
the boundary between the two solid semi-spaces, this condition is satisfied for any
ratio of the parameters of solid and liquid media [160] and yields the dispersion
law of the Stoneley waves [161]. The energy of the surface Stoneley waves is
then concentrated mainly in the liquid medium on the distance of some phonon
wavelengths. In the range s′q < ω < cq the value of K differs from zero because
of the interaction of electrons with surface leaky waves [161]. These leaky waves
are actually damped surface Rayleigh waves modified somewhat by the response
of the liquid medium. This type of wave transfers energy continuously to the
liquid forming an inhomogeneous wave moving away from the interface. This is
due to the fact that, strictly speaking, leaky waves are not of the surface type. It
follows from Eq. (3.20) that the leaky waves correspond to a pole on a nonphysical
sheet of the Green function of the elasticity theory for the solid-liquid contact.
As the differences between the elastic properties of the two contacted semi-spaces
decrease, the leaky wave becomes even more strongly damped, so that we cannot
regard it as a surface wave.
The kernel K for the semi-infinite space with free surface is easy to obtain
from formulas (3.18)-(3.21) taking the limit ρ′ → 0. This gives
K(ω, q|z1, z2) = ω
2
ρs4
1
2a
{cos[a(z1 − z2)]−Rfr cos[a(z1 + z2)]} , sq < ω,(3.25)
K(ω, q|z1, z2) = ω
2
ρs4
4bq2(b2 − q2)2
16α2b2q4 + (b2 − q2)4 e
−α(z1+z2), cq < ω < sq, (3.26)
K(ω, q|z1, z2) = ω
2
ρs4
4βq2πδ
(
4αβq2 − (β2 + q2)2
)
e−α(z1+z2), ω < cq (3.27)
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where
Rfr = −4abq
2 − (b2 − q2)2
4abq2 + (b2 − q2)2 (3.28)
is the LA →LA reflection coefficient at the free crystal surface. Comparison
of Eqs. (3.18)-(3.21) with Eqs. (3.25)-(3.27) shows that only surface waves are
qualitatively changed: the Stoneley waves disappear while leaky waves transform
into the rigorously stationary Rayleigh waves. Therefore in the range ω < cq,
the kernel K differs from zero only on the line ω = cRq, cR is the velocity of the
Rayleigh waves.
In the case of the rigid boundary, the kernel K can be obtained taking the
imaginary part in Eq. (3.16), beforehand in Eq. (3.17) tending ρ′ → ∞. This
gives
K(ω, q|z1, z2) = ω
2
ρs4
1
2a
{cos[a(z1 − z2)]−Rrgd cos[a(z1 + z2)]}, sq < ω,(3.29)
K(ω, q|z1, z2) = ω
2
ρs4
bq2
q4 + α2b2
exp[−α(z1 + z2)], cq < ω < sq (3.30)
where the LA →LA reflection coefficient at the rigid crystal surface is given by
Rrgd = −ab − q
2
ab+ q2
. (3.31)
As it was to be expected, the scattering is determined only by the bulk waves in
this case.
3.4 Scattering probability in a Fermi gas
It is assume that all the electrons occupy a single level of transverse motion,
i.e. εF ≪ h¯ωd, h¯ωd ≡ π2h¯2/mcd2 (or kF ≪ π/d), where d is the thickness
of the region of the electron transverse motion in the direction of the z-axis.
The scattering takes place between states with different k but all belonging to
the same transverse level. The electron gas is separated from the surface by a
distance z¯ (see Fig. 3.2). For clarity, we first discuss the situation when the lattice
temperature T and the electron temperature Te are zero. Neglecting the reflection
of phonons from the surface, it is easy to determine the phonon momenta which
dominate in the scattering. A typical normal wave vector component q⊥ ≡ qz
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Figure 3.2: The Fermi 2DEG located near the interface separating elastic semi-
spaces.
and a typical tangential wave vector component q‖ ≡ (qx, qy) may generally be
different. According to [162] there are three energy ranges ε−εF for a test electron
in which the scattering is qualitatively different. The boundaries of these ranges
are determined by the following two energies:
ε1 = h¯skF =
√
2mcs2εF , ε2 = πh¯s/d =
√
2mcs2h¯ωd, ε1/ε2 = kFd/π ≪ 1. (3.32)
We now list the characteristic phonon momenta and energies corresponding to
the scattering in the three ranges defined above:
range A – ε− εF ≪ ε1, in which small-angle inelastic scattering takes place
q⊥ ∼ q‖ ∼ ε− εF
h¯s
≪ kF ; h¯ω ∼ ε− εF , (3.33)
range B – ε1 ≪ ε − εF ≪ ε2, in which large-angle inelastic scattering is
dominant
q⊥ ∼ ε− εF
h¯s
≫ q‖ ∼ kF ; h¯ω ∼ ε− εF , (3.34)
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range C – ε2 ≪ ε − εF , in which large-angle quasi-elastic scattering takes
place
q⊥ ∼ π/d≫ q‖ ∼ kF ; h¯ω ∼ h¯πs/d≪ ε− εF . (3.35)
Now we discuss the interface effect on the scattering probability W in the
Fermi 2DEG. For simplicity we first consider the free surface effect. It is clear
that the boundary has no effect on the scattering probability W for q⊥z¯ ≫ 1
and should modify W for q⊥z¯ <∼1. We shall show below that a free boundary
suppresses strongly the scattering in the range B for q⊥z¯ ≪ 1.
Consider now only longitudinal LA phonons (i.e., assume that the shear mod-
ulus is zero). The dilatation on a free surface satisfies u ≡ div u = 0 and scat-
tering from the deformation potential is strongly suppressed when electrons are
located near a dilatation node, i.e., for q⊥z¯ ≪ 1. Since the condition z¯ >∼d is
satisfied, this cannot occur in the range C. However, we may expect suppression
of scattering in the ranges A and B provided for
ε− εF
h¯s
z¯ ≪ 1. (3.36)
Now we account for the TA phonons. We find that u 6= 0 holds on a free surface
and it would be incorrect to conclude quite generally that the scattering is sup-
pressed. We shall now consider q‖. The inequality q‖ ≪ q⊥ holds in the range
B, i.e., LA phonons traveling in a direction almost perpendicular to the surface
contribute mainly to the scattering. When such LA phonons are reflected from
the boundary, TA phonons do not participate in the scattering and, therefore,
suppression of the scattering takes place. A strong mixing of LA and TA modes
occurs in the region A where the condition q‖ ∼ q⊥ is not a sufficient require-
ment for the scattering to be suppressed. It follows that strong suppression of
the scattering in the vicinity of a free surface should occur only in the range B.
The effect of the reflection of phonons from a free surface in the ranges A and
C, when z¯(ε − εF )/hs<∼1, should lead only to a numerical factor of the order of
unity.
Now we consider in which way situation is changed for the interface between
elastic semi-spaces. In this case because of the response of the second medium
div u 6= 0 even if the mixing of the TA phonons do not take into account. The
measure of the second medium response at q‖ = 0 is the parameter λ = ρs/ρ′s′
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where ρs is a medium normal impedance. Therefore in those cases when the
elastic semi-space is contiguous with a rarefied medium, i.e. λ≪ 1 then one can
expect that in the range B, the scattering suppression takes place as before.
We have assumed that T = 0. This condition is essentially equivalent to the
requirement T ≪ ε − εF . It is, therefore, clear that our estimates of q‖ and q⊥
remain also valid for T 6= 0 provided the inequality T <∼ε − εF holds. We shall
now consider scattering in the range B. It is then possible to expand the kernel
K in powers of a small parameter s2q2/ω2. Such an expansion yields
K(ω, q|z1, z2) = ω
2ρs3
{
cos
[
ω
s
(z1 − z2)
]
−Rs−l cos
[
ω
s
(z1 + z2)
]}
, (3.37)
Rs−l = R0 − s
2q2
ω2
R1, R0 = 1− λ
1 + λ
, (3.38)
R1 = 1
(1 + σ)(1 + λ)2
[(
2c
s
)3
− λ
(
1− s
′2
s2
+
2s′c′
s2
− 8c
2
s2
− 8cc
′
s2
+
16cc′2
s2s′
)
−λσ
(
1− s
′2
s2
+
4s′c
s2
− 8cc
′
s2
− 8c
′2
s2
+
8c′3
s2s′
)
− 2λ2σ c
s
]
, σ =
ρc
ρ′c′
. (3.39)
In the region C, the arguments of the cosines in Eq. (3.37) are of the order of π
so that we can simplify K by dropping out low-order terms. This gives
K(ω, q|z1, z2) = ω
2ρs3
{
cos
[
ω
s
(z1 − z2)
]
−R0 cos
[
ω
s
(z1 + z2)
]}
. (3.40)
Substituting Eqs. (3.40) and Eq. (3.11) into Eq. 3.8, we obtain the scattering
probability in the range C between states belonging to the same level of the
electron transverse motion
W±k→n′k′ =
1
τ¯F
π
L2
h¯ω
mc(skF )2
[
NT (ω) +
1
2
± 1
2
] ∫
dz1dz2 ρ(z1)ρ(z2)
×
{
cos
[
ω
s
(z1 − z2)
]
−R0 cos
[
ω
s
(z1 + z2)
]}
. (3.41)
where ρ(z) = |ψ(z)|2 is the probability to find an electron on a level of the
transverse quantization, and
1
τ¯F
=
1
π
mck
2
F
h¯2
Ξ2
ρs
(3.42)
is the characteristic scattering time in the Fermi gas of electrons by the deforma-
tion potential of acoustic phonons [136]. It is seen from Eq. (3.41) that W does
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not depend on the TA phonon velocity in the medium 2, therefore this expression
is true for the solid-liquid contact too. It is easy to find the scattering probability
for the cases of free and rigid surfaces taking, respectively, the limits ρ→ 0 and
ρ→∞ in Eq. (3.41).
In region B, we can use the condition ωd/s ≪ 1 and represent the kernel K
in the form
K(ω, q|z1, z2) = ω
2ρs3
{
sin
ω
s
z1 sin
ω
s
z2 −
−
[
λ
1 + λ
+
s2q2
ω2
R1
]
cos
[
ω
s
(z1 + z2)
] }
. (3.43)
Provided the scattering takes place between states of the same level of the trans-
verse motion n, it follows from Eq. (3.8) that this kernel K should be averaged
over the functions ρ(z) describing the transverse motion. The first term then
involves integrals ∫
dz ρ(z) sin
ω
s
z. (3.44)
We set z = z¯ + ζ , where
z¯ =
∫
dz zρ(z), (3.45)
then the inequality (ω/s)ζ ∼ (ε− εF )d/s≪ 1 holds and the sinus in the integral
(3.44) can be expanded in powers of ζ (for any z¯ including small values of this
quantity). Bearing in mind the definition of z¯, we find the integral in Eq. (3.44)
is equal to sin(ω/s)z¯. As for the cosine in the second term, we can replace z1+z2
in this function by 2z¯. As a result for the scattering probability in the region B,
we obtain
W±k→n′k′ =
1
τ¯F
2π
L2
h¯ω
mc(skF )2
[
NT (ω) +
1
2
± 1
2
]
×
{
sin2
ω
s
z¯ −
[
λ
1 + λ
+
s2q2
ω2
R1
]
cos 2
ω
s
z¯
}
. (3.46)
The first term in the brackets in Eq. (3.46) appears because electrons are far
from a node of the deformation potential which occurs at z = 0 for LA phonons.
The second term is due to an admixture of TA phonons at the boundary due
to the reflection of LA phonons and eliminates the deformation potential node.
If the elastic properties of contacting media differ slightly, i.e. λ ≈ 1, one can
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neglect the second term in the square bracket in Eq. (3.46). Moreover, consider
the 2DEG located in the immediate vicinity from the interface, i.e. z¯ ∼ d, the
first term in Eq. (3.46) also can be neglected. Then, the scattering probabilityW
only by a factor 2λ/(1+λ) differs from the scattering probability W3D calculated
without taking into account the phonon reflection at the interface. For the latter
case W3D can be obtained by omitting the terms in Eq. (3.46) which oscillate
rapidly in the limit z¯ →∞, i.e. the figure bracket is replaced by 1/2. This fully
correspond also to the rigid surface case: in this case we have R1 → 2c/s and
2λ/(1 + λ)→ 2 when ρ′ →∞.
The situation is changed for λ≪ 1. In this case neither term in the Eq. (3.46)
can be neglected and the scattering probability is determined by ”competition”
of all terms. Notice, that Eq. (3.46) is valid also for the case of the solid-liquid
contact for which
R1 = 1
(1 + λ)2
[(
2c
s
)3
− λ
(
1− s
′2
s2
− 8c
2
s2
)]
. (3.47)
Consider now the third range A representing inelastic low-angle scattering.
In view of the absence in this region of a corresponding small parameter, further
simplifications of Eq. (3.16) for the kernel K is not generally possible. Therefore,
we restrict our analysis to two limiting cases of a contact between a solid and a
liquid and their rigidity fixed boundary. Making use that in the region A, ad≪ 1
and αd ≪ 1, the kernel K can be averaged over the functions ρ(z) in the way
that the scattering probability in the region A can be represented in the form
W±k→n′k′ =
1
τ¯F
2π
L2
ρs
mck
2
F
[
NT (ω) +
1
2
± 1
2
]
K(ω, q|z¯, z¯). (3.48)
Here the kernel K is given either by Eqs. (3.18)-(3.21), 3.25-(3.27) or (3.29)-
(3.30). The scattering rate without allowance for the phonon reflection at the
interface can be obtained by taking the limit z¯ → ∞ in the above equation, i.e.
by replacing K → ω2/2aρs4.
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3.5 Energy and momentum relaxation of a test
electron
We calculate the energy and momentum relaxation rates for a test electron which
can be measured accurately in a wide range of temperatures T and Te [163, 164].
According to [136], the energy relaxation time for the test electron in the Fermi
gas is defined as
Qn→n′(ε) = ε− εF
τ¯ (ε)
= Q+n→n′(ε)−Q−n→n′(ε), (3.49)
Q±n→n′(ε) =
(±)∑
k′
h¯ωW±nk→n′k′
1− fT (ε∓ h¯ω)
1− fT (ε) . (3.50)
Here Qn→n′(ε) is the energy-loss power, fT is the Fermi factor. The summation
(+) is over the final states ε(k′) < ε(k), the summation (-) is over the final states
ε(k′) > ε(k).
Substituting Eq. (3.41) in Eq. (3.50), we find that Qn→n′(ε) in the range C is
described by
Q(x) = 1
τ¯F
J1
(πs/d)
2(kFd)2
th
x
2
, x =
ε− εF
T
(3.51)
where the dimensionless integral
J1 = d
3
∫ ∞
0
dz [∂zρ(z)]
2 (3.52)
is of the order of unity. Hence, it is clear that the energy relaxation rate in the
region C is just the same (apart from a numerical factor) with that of considered
without the phonon reflection [162] and this is true for any parameters of the
medium 2. This result is explained by the fact that in the region C, the interface
is always distant, i.e. z¯ is greater or of the order of the characteristic phonon
wavelength along zˆ. Notice also that for hot electrons, x≫ 1, the relaxation rate
does not depend on the electron energy
Q(x) = 1
τ¯F
J1
(πs/d)
2(kFd)2
. (3.53)
As far as in the region C, the scattering is quasi-elastic (see Eq. (3.35)) then
the momentum relaxation time is defined by
1
τ¯1(ε)
=
∑
k′
(1− cos θ)Wk→k′ 1− fT (ε− h¯ω)
1− fT (ε) , (3.54)
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where θ is the scattering angle between k and k′. Substituting Eq. (3.41) into
Eq. (3.54), we obtain
1
τ¯1(ε)
=
1
τ¯F
J0
(πs/d)
2(kFd)2
T, J0 = d
∫ ∞
0
dzρ2(z). (3.55)
It is easy to check that this expression for the momentum relaxation time is
in agreement with that of obtained in [162] without allowance for the phonon
reflection. Thus in the range C, the interface effect on the energy and momentum
relaxation rates is practically absent.
Making use the scattering probability (3.46), we find the following result for
the energy relaxation rate in the range B:
ε− εF
τ¯(ε)
=
1
τ¯F
{
T 3
2(h¯skF )2
[
F−2 (0|x)−R0F−2 (ξ|x)
]
+R1F−0 (ξ|x)
}
(3.56)
where
F−m(ξ|x) =
∫ ∞
0
dy ym cos ξy
{
1
1 + exp(y − x) +
1
1 + exp(y + x)
}
, ξ = 2
T
h¯(s/z¯)
.
(3.57)
For hot electrons taking the limit T → 0 in Eq. (3.56), we can obtain
1
τ¯(ε)
=
1
τ¯F
{
(ε− εF )2
6(h¯skF )2
I(η, λ) +R1 sin η
η
}
(3.58)
where
I(η, λ) = 1− 31− λ
1 + λ
[(
1− 2
η2
)
sin η
η
+
2
η2
cos η
]
(3.59)
Here η = 2(ε− εF )z¯/(h¯s) is a parameter describing the distance of a hot electron
from the surface. It can be seen that the energy relaxation rate for the test
electron is an oscillatory function of the separation z¯ of the electron gas from the
surface. When the 2DEG is far from the surface, i.e z¯ ≫ d (η ≫ 1), we obtain
1
τ¯(ε)
=
1
τ¯F
(ε− εF )2
6(h¯skF )2
(3.60)
The condition z¯ ∼ d is satisfied for a 2DEG near the surface and the inequality
η<∼1 holds, which yields
1
τ¯(ε)
=
1
τ¯F
{
R1 + λ
1 + λ
(ε− εF )2
3(h¯skF )2
+
(ε− εF )4
5(h¯skF )2(h¯s/z¯)2
}
(3.61)
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From this equation for the free surface (λ = 0 and R1 = (2c/s)3) , it is easy to
find
1
τ¯ (ε)
=
1
τ¯F
{(
2c
s
)3
+
(ε− εF )4
5(h¯skF )2(h¯s/z¯)2
}
(3.62)
Both terms become comparable for ε−εF ∼ √ε1ε2: The first term is dominant for
small ε−εF , i.e., mixing of LA and TA vibrations is important whereas, for large
ε − εF , the second term predominates, i.e., we have the effect corresponding to
large distances of electrons from the surface. It can be seen from Eqs. (3.60) and
(3.62) that a free surface modifies the energy dependence of the energy relaxation
rate and leads to the strong suppression of the relaxation since
τ¯ (ε)|z¯→∞
τ¯ (ε)|z¯∼d ∼
(ε− εF )2
ε22
+
ε21
(ε− εF )2 ≪ 1. (3.63)
There is no suppression of the relaxation at the boundaries of the range B: for
ε − εF ∼ ε1 because of the strong mixing of LA and TA vibrations and for
ε − εF ∼ ε2 because the distance from the surface becomes of the order of the
effective phonon wavelength π/q⊥.
From comparison of Eqs. (3.61) and (3.62), we obtain the criterion
λ≪ ε1
ε2
(3.64)
which allows us to determine when the interface near which the Fermi 2DEG is
located, can be regarded as free. Actually, if inequality (3.64) is obeyed, we can
ignore the second term in parentheses in Eq. (3.61). Then, Eq. (3.61) reduces to
Eq. (3.62) for the free surface. In the case if
ε1
ε2
∼ λ≪ 1 (3.65)
the boundary can no longer be regarded as free, but we can easily see that the
reduction in the relaxation rate still occurs. If the condition (3.65) is satisfied,
comparison of Eqs. (3.60) and (3.61) yields
τ¯(ε)|z¯→∞
τ¯(ε)|z¯∼d ∼
(ε− εF )2
ε22
+ λ+
ε21
(ε− εF )2 ≪ 1. (3.66)
Now it is seen, if λ>∼1, the suppression of the relaxation vanishes because of the
strong response of the second medium. In this case we ought to retain only the
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second term in Eq. (3.61). Then the energy relaxation rate differs only by the
factor 2λ(1+λ) from that of when the phonon reflection is not taken into account.
It therefore follows that for the rigid boundary, the relaxation of a test electron
is twice as fast as in the case when phonons are three dimensional.
For thermal electrons (x ∼ 1), ξ is the parameter describing the separation
between the interfaces and 2DEG. For remote boundary, ξ ≫ 1, integrals con-
taining a rapidly oscillating factor cos ξy are small , and according to [162] we
obtain
ε− εF
τ¯(ε)
=
1
τ¯F
T 3
2(h¯skF )2
F−2 (0|x). (3.67)
Consider now a nearby boundary when the condition ξ ≪ 1 is satisfied. Expand-
ing cos ξy, we obtain
ε− εF
τ¯(ε)
=
1
τ¯F
{
R1T + λ
1 + λ
T
(h¯skF )2
F−2 (0|x) +
T 5
(h¯skF )2(h¯s/z¯)2
F−4 (ξ|x)
}
(3.68)
We have used the result F−0 (0|x) = x. It can be seen that the criteria (3.64)
holds for thermal electrons too. For T in the range B, provided for Eq. (3.65)
holds, the relaxation is suppressed even for thermal electrons. For x ∼ 1, we
obtain F−m(0|x) ∼ 1 and the ratio of the results defined by Eqs. (3.67) and (3.68)
is again determined by Eq. (3.66) where ε− εF should be replace by T .
In the case when λ>∼1, making use Eq. (3.67), we can write
1
τ¯(ε)
=
2λ
1 + λ
1
τ¯(ε)|z¯→∞ . (3.69)
It should be noticed that both in the ranges C and B, the electron relaxation
is mainly due to the bulk acoustic waves. In these energy ranges ε−εF ≫ ε1 and
the scattering due to surface phonons is always quasi-elastic:
q‖ ∼ kF ; ω = cSq ∼ ε1 ≪ ε− εF (3.70)
therefore their contribution to τ¯(ε) is small.
The scattering on the bulk waves is neither quasi-elastic nor small-angle, there-
fore the momentum relaxation time τ¯1(ε) is of the same order of the energy relax-
ation time τ¯(ε) given by Eq. (3.56). To estimate the role of the surface phonons in
the momentum relaxation, we calculate τ¯1(ε) conditioned by the Rayleigh waves
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in the free surface case and by the Stoneley waves for the solid-liquid contact.
Substituting Eqs. (3.21) and (3.27) into Eqs. (3.8), (3.11), and (3.54), we obtain
at T = 0
1
τ¯1(ε)|R,S =
3π
4
1
τ¯F
(
cR,S
s
)3
Φ¯R, S0 (3.71)
where the dimensionless factors Φ¯R, S0 are of the order of unity and determined by
parameters of the contacted elastic media (vide infra in Appendix (B)). In-
dices R, S pertain to the Rayleigh and Stoneley waves, respectively. From
Eqs. (3.61) and (3.71), one can see that the surface phonon contribution to
momentum relaxation is of the order of the bulk phonon contribution in the
energy interval ε1 ≪ ε − εF ≪ λ−1/2ε1 of the range B while in the energy in-
terval λ−1/2e1 ≪ ε− εF ≪ ε2, the surface phonon contribution to τ¯1(ε) is small.
Thus, in the energy range B if the relations (3.64) and (3.65) hold, the interface
suppresses both the energy and momentum relaxation rates.
Now we consider the range A. Substituting Eq. (3.48) into Eq. (3.50), the
energy relaxation rate can be represented in the form
ε− εF
τ¯(ε)
=
1
τ¯F
T 4
π(h¯skF )3
∫ ∞
0
dtdy y3
{
1
1 + exp(y − x) −
1
1 + exp(y + x)
}
Φ(t|ξy)
(3.72)
where
Φ(t|ξy) ≡ K(ω, q|z¯, z¯), y = h¯ω
T
, t =
sq
ω
. (3.73)
For the remote interface neglecting in the above formula rapidly oscillating and
exponentially small terms at ξ ≫ 1, we obtain in agreement with [162]
ε− εF
τ¯(ε)
=
1
τ¯F
T 4
4(h¯skF )3
F−3 (0|x). (3.74)
For the adjacent interface, tending ξ → 0 in Eq. (3.72), we find
ε− εF
τ¯ (ε)
=
1
τ¯F
T 4
4(h¯skF )3
Φˆ0 F−3 (0|x). (3.75)
where
Φˆm =
22+m
π
∫ ∞
0
dt t2m Φ(t|0). (3.76)
For hot electrons using an asymptotics of the function F−3 (0|x) for large x, we
obtain
1
τ¯ (ε)
= Φˆ0
1
τ¯(ε)|z¯→∞ ,
1
τ¯ (ε)|z¯→∞ =
1
τ¯F
ε− εF
16(h¯skF )3
. (3.77)
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As far as |ε − εF | ≪ εF , the scattering in the Fermi gas always is kinemat-
ically quasi-elastic, k = k′ = kF , therefore in the region A too, the momentum
relaxation rate can be calculated by the formula (3.54). Using the scattering
probability (3.48), for the momentum relaxation time we obtain:
for the remote interface (ξ ≫ 1)
1
τ¯1(ε)
=
1
16
1
τ¯F
T 5
(h¯skF )5
F+4 (0|x), (3.78)
for the adjacent interface (ξ ≪ 1)
1
τ¯1(ε)
= Φˆ1
1
τ¯1(ε)|z¯→∞ . (3.79)
From comparison of the above two formulas, it is clear that in the region A,
the relaxation rates, obtained allowing and ignoring the phonon reflection from
interfaces, differ only in respect of the factor Φˆm which is of the order of unity.
This result is due to the strong mixing of LA and TA waves at the reflection in
this range.
The integrals Φˆm cannot be calculated analytically. Explicit formulas for
functions Φˆm in the case of the solid-liquid contact, the free and rigid bound-
ary, as well as some numerical estimates for particular values of parameters and
asymptotic expressions are given in Appendix B. Notice only that in the case of
the solid-liquid contact we find that Φˆm is governed by both the bulk and surface
wave contributions to the scattering:
Φˆm = Φˆ
B1
m + Φˆ
B2
m + Φˆ
L
m + Φˆ
S
m (3.80)
where ΦˆBm, Φˆ
L
m and Φˆ
S
m correspond to the bulk phonon, leaky and Stoneley wave
contributions, respectively. Moreover, the range A is the only region where the
surface wave contribution is comparable with that of the bulk modes. In the case
of a rigid boundary we find, naturally, that Φˆm includes only the bulk phonon
contributions.
3.6 Relaxation of electron temperature
When the distribution of hot electrons can be described by an electron tempera-
ture Te > T , we can determine the energy relaxation rate for the whole electron
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gas. Following [136], we find that the relaxation rate per electron is given by
Q¯(Te, T ) = 1
NL2
∑
k
fTe(ε)
{(+)∑
k′
h¯ωWnk→n′k′ [1− fTe(ε− h¯ω)]
−
(−)∑
k′
h¯ωWnk→n′k′ [1− fTe(ε+ h¯ω)]
}
(3.81)
Straightforward calculations show that Q¯(Te, T ) can be written as the difference
between two functions depending only on Te and T [165], i.e.,
Q¯(Te, T ) = Q¯(Te)− Q¯(T ) (3.82)
Moreover for Q¯ in the corresponding regions, the following expressions are ob-
tained.
In the region C
Q¯(T ) = Q¯(T )|z¯→∞ = 1
τ¯F
(πh¯s/d)
2(kFd)2
T
εF
J1. (3.83)
In the region B
Q¯(T ) = 1
τ¯F
{
T 4
2(h¯skF )2εF
[F4(0)−R0F4(ξ)] +R1F2(ξ)
}
(3.84)
where
Fm(ξ) = 1
2
Γ(m) [ζ(1, 1 + iξ) + ζ(1, 1− iξ)] (3.85)
and ζ(m, z) is the generalized Riemann zeta function. Now it is easy to obtain
the relaxation rate for the distant interface (ξ ≫ 1):
Q¯(T )|z¯→∞ = π
4
30
1
τ¯F
T 4
(h¯skF )2εF
, (3.86)
while for adjacent interface, ξ ≪ 1, we obtain
Q¯(T ) = 1
τ¯F
{
π2
6
R1T
2
εF
+
π4
15
λ
1 + λ
T 4
(h¯skF )2εF
+
8π6
63
T 6
(h¯skF )2(h¯s/z¯)2εF
}
. (3.87)
Follow to the above method, we can easily show that the criterias (3.64) and (3.65)
hold for electron temperature relaxation too. The fulfillment of them implies that
the interface separating elastic semi-spaces suppresses the electron temperature
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relaxation in the range B. If λ>∼1 then the interface changes the relaxation rate
only by a numerical factor:
Q¯(T ) = 2λ
1 + λ
Q¯(T )|z¯→∞. (3.88)
Finally, in the region A, the cooling of the Fermi 2DEG for small ξ is given
Q¯(T ) = Φ¯0 Q¯(T )|z¯→∞. (3.89)
where
Q¯(T )|z¯→∞ = 1
τ¯F
Γ(5)ζ(5)
T 4
4(h¯skF )2εF
(3.90)
is the electron temperature relaxation rate without allowance for the phonon
reflection in agreement with the previous result [162].
3.7 Discussion of results
From the results of calculations in this chapter, it becomes clear that the interface
between elastic semi-spaces in different ways influences the electron scattering in
the various characteristic energy ranges of the Fermi 2DEG. In the ranges of the
inelastic small-angle A (ε − εF ≪ h¯skF ≡ ε1) and of the elastic large-angle C
(ε − εF ≫ πh¯s/d ≡ ε2), the interface effect is slight. In the region A, it reduces
simply to multiplication of the energy and momentum relaxation times by the
coefficient Φ¯, whereas in the region C there is no changes at all. In the range A,
the weak interface effect is conditioned by the strong conversion effect of the LA
and TA phonon modes at the interface reflection. In the range C, the interface
is always distant, i.e., the effective wavelength of the interacting phonons, π/q⊥,
is much small than the distance between the 2DEG and interface. However, we
can demonstrate that the reflection of phonons affects in higher orders of the
small parameter that occurs in the region C. The range A is the only region
where the surface phonon contribution to the scattering is essential both for the
energy and momentum relaxation. The temperature dependencies obtained for
the energy and momentum relaxation have been observed experimentally both
in the low temperature range A [146, 164, 166] and the high temperature range
C [145, 146, 144]. Recall that in both ranges, the temperature dependencies of
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the relaxation times do not differ from that of for the bulk three dimensional
phonons.
The large-angle inelastic scattering region B (ε1 ≪ ε−εF ε2) limited from both
sides. Therefore, the existence of the energy range B is ensured by the condition
π/(kFd), i.e. by sufficiently low electron concentrations, N ≈ 1015 m−2, and if the
localization of the transverse motion of an electrons in the 2DEG is sufficiently
strong, d ≈ 3 nm. We then find for GaAs nanostructures (see Table 2.4) that
kF = 8 · 107 m−1, ε1 = 3 K and ε2 = 40 K. It now follows that the criteria
(3.65) is satisfied if λ ≪ 0.1, i.e. in the situations when the elastic semi-space
is in contact with a small mass density medium, such as gas. In this case the
maximum interface effect is achieved in the middle of the energy interval (ε1, ε2),
i.e. for ε − εF , Te ≈ 10 K. Therefore, according to Eq. (3.63), the presence of
a free surface increases τ¯ and τ¯1 in ε2/ε1 times, i.e. by a factor of the order of
10. Moreover, for the temperature range below 10 K (in this range, the surface
waves also contribute to the momentum relaxation) we have τ¯ , τ¯1 ∝ T 0e while for
the temperature range above 10 K, τ¯ , τ¯1 ∝ T 4e , i.e. the free surface also alters
the dependence of relaxation rates on the electron energy or temperature. Recall
that if do not take into account the phonon reflection then τ¯ , τ¯1 ∝ T 2. Estimates
of the parameter λ indicate that in the majority of cases for a solid-liquid contact
λ ∼ ε1/ε2, therefore according to (3.66), the solid-liquid interface also strongly
suppresses the electron relaxation rate: ε1/ε2 times if λ<∼ε1/ε2 and λ−1 times
if λ>∼ε1/ε2. In the latter case, the temperature dependence of the relaxation
rate is altered in comparison with free surface case. In the middle of the interval
(ε1, ε2), the new mini interval (λ
−1/2ε1, λ1/2ε2) appears where τ¯ , τ¯1 ∝ T 2. As the
parameter λ increases the interval (λ−1/2ε1, λ1/2ε2) becomes broader and for λ>∼1
covers all the range B. In this case τ¯ , τ¯1 only by the factor 2λ/(1+ λ) differ from
the relaxation times when the phonons are three dimensional. The dependence
of the energy-loss power Q¯ on the electron temperature in the all temperature
range is shown schematically in Fig. 3.3.
Notice that the characteristic distance which is required for an interface to
have an effect on the electron relaxation is h¯s/Te. In the middle of the range B this
for GaAs gives h¯s/Te ≈ 10 nm. In [164], the dependence of the energy relaxation
on the electron temperature in inversion layers Si (100) has been measured. It
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Figure 3.3: The energy-loss power Q¯ of the Fermi 2DEG located near the free
crystal surface. The dashed line corresponds to the case of the infinitely distant,
(z¯ →∞), boundary.
has been shown that the Q¯ ∝ T 4e temperature dependence is realized in the range
Te>∼ h¯skF . This dependence is explained by the fact that in the samples under the
study, the interfaces separating different elastic materials are remote, z¯ ∼ 100 nm,
so that their effect on the scattering is negligible. In the temperature dependence
of the average momentum relaxation time τ¯1 deducted from the total mobility
measurements [146], between low and high temperature ranges where τ¯1 ∝ T 4−5e
and τ¯1 ∝ Te, respectively, a sharp dip has been observed in the temperature range
near 10 K. The authors suppose that this dip can be caused by other vibration
modes of the surface layer which has been not described in the theory of surfons
[147, 167]. However, it is possible that this dip is connected by the interface
effect on the electron scattering which leads to the analogous behavior of the
temperature dependence in this temperature range (quod vide in Fig. 3.3).
CHAPTER 3. ELECTRON-PHONON RELAXATION. INTERFACE EFFECT88
Now we discuss the results of works [147, 148, 149, 150]. In [147] and [148],
the electron scattering in Si inversion layers has been calculated in the high,
Te = 200 ÷ 300 K, and low, Te = 1 ÷ 30 K, temperature ranges, respectively.
In both works, the scattering probability has been expressed in terms of the
phonon field correlation function. Assuming that the scattering is quasi-elastic,
the authors consider that the static correlator can be used, i.e. the Fourrier
component ω = 0 can be taken. However, this is not the case. From the explicit
expressions (3.25)-(3.27) it is seen that to take ω = 0 in the correlator is justified
if only ω is small in comparison with sq‖. Meanwhile, it follows from Eqs. (3.33)-
(3.35) that such situation is never realized: in the range A, we have ω ∼ sq‖ while
in the ranges B and C, ω ≫ sq‖. Therefore, we suppose that the results of these
works are not correct.
Although no assumption of elastic scattering has been made in the work [150],
its results in the range B do not agree with our results. However, the authors
have also obtained that reflection of bulk phonon modes from the interface is
important in the range B and leads to a reduction of relaxation while in the
range A, the surface phonon contribution to relaxation is important.
In the work [149], in particular, the conversion process LA → TA has been
assumed to take place at the sample surface. The dependence Q¯ ∝ (T 2e −T 2) has
been obtained which corresponds to the second term in Eq. (3.87). (It appears
that the approximation adopted in this reference corresponds to z¯ = 0.) However,
it follows from Eq. 12 of [149] that Q¯ does not vanish in the limit c → 0 when
the process LA → TA is not allowed. (It is conceivable that this is a misprint
since the dimensions on the right-hand side of Eq. 12 after substitution of Eq. 13
are incorrect.)
Chapter 4
Phonon emission by Landau
states
4.1 Introduction
Interaction of a 2DEG with acoustic phonons in a magnetic field normal to the
electron plane is essential in a number of physical phenomena. One may mention
as examples the breakdown of the quantum Hall effect due to phonon-assisted
transitions and the steady-state power absorption for a GaAs heterojunction (see
Refs. [168, 169], and also the review paper [170]), the thermalization of the heated
2DEG [171, 172, 173], as well as the absorption and emission of ballistic phonon
pulses by the bulk Landau states (see the reviews [174, 175]).
The 2DEG is always located near a free crystal surface or near a various inter-
faces separating different materials. In previous section it has been shown that
these boundaries affect electron-acoustic-phonon interaction, and a free surface
has the highest effect. Interaction of the 2DEG with acoustic phonons in the
magnetic field has been calculated in a number of papers [171, 173, 176]. How-
ever in all these papers it has been assumed that crystal boundaries have no effect
on interaction. One may easily appreciate the free surface effect if an electron
is considered as an acoustic wave emitter. Schematically phonon emission from
the 2DEG with account of the phonon reflection is shown in Fig. 4.1. Due to the
reflection there appear two new effects in phonon emission. The LA waves emit-
ted into the crystal bulk interfere with the LA waves reflected from the crystal
89
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Figure 4.1: Schematic representation of phonon emission from the 2DEG with
account of the phonon reflection. AL and ALL are the amplitudes of LA phonons
emitted, respectively, directly into the bulk of crystal and to the crystal surface
side then reflected from it. ALT is the amplitude of TA phonons converted from
the emitted LA phonons at the reflection from the crystal surface.
surface. As a result the emission efficiency depends on the distance between the
2DEG and the surface. The phonon reflection also affects essentially the compo-
sition of the emitted phonon field. Detector records the TA phonons converted
from the emitted LA phonons at interfaces separating different materials. Thus,
for full interpretation of experimental results, the conversion of various phonon
modes and interference between reflected and non-reflected phonons of the same
mode should be taken into account.
The 2DEG emits acoustic phonons with wave-vectors predominantly within a
narrow cone near the normal to the plane of electrons. At B = 0 the frequencies of
these phonons are ω ∼ Te/h¯ where Te is the electron temperature. The frequencies
are spread in a broad band, the frequency dispersion being of the order of the
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frequency itself, i.e. ∆ω ∼ ω ∼ Te/h¯. Such a wave packet with momentum
dispersion ∆q ∼ Te/h¯s. (where s is the sound velocity) attenuates at a distance
o the order of h¯s/Te. If the distance z¯ between the 2DEG and the surface is
large (z¯ ≫ h¯s/Te), the emitted phonon field will not reach the surface and the
latter has no effect on electron-phonon interaction. However, the situation is
drastically changed if the electrons are in a strong magnetic field B normal to
the 2DEG plane. In this case the frequencies of the emitted phonons are close
to the cyclotron frequency (ω ≈ ωB) while the width of the frequency band is of
the order of the cyclotron resonance line width, i.e. ∆ω ∼ 1/τ where τ is the
momentum relaxation time [45]. This corresponds to the phonon wave packet
attenuation length equal to sτ . In high-quality heterostructures even at liquid
helium temperatures, the length sτ is larger than h¯s/Te. Therefore, in quantizing
magnetic fields electron-phonon interaction can be modified by a free surface far
more distant from the 2DEG.
Study of emission and absorption processes for ballistic phonons in systems
with the 2DEG gives the most detailed information about the character and
specific features of electron-phonon interaction. In this case one may easily trace
contributions of separate phonon modes to the interaction characteristics. An
experiment of ballistic phonon emission is schematically shown in Fig. 4.2. The
2DEG is heated by passing a current along it. Then emitted phonons travel
ballistically from the 2DEG until they reach the opposite face of the sample.
Usually it is measured: the intensity distribution on the reverse face of the sample,
i.e. the angular distribution (travel is ballistic), and a relative proportion of
LA and TA phonons using time-of-flight techniques. However, previous works
[176, 177, 178, 179, 180], analyzing these effects, both in the presence and absence
of the quantizing magnetic field, did not take into account the ballistic phonon
reflection from the interfaces near which the 2DEG is placed. The exception is
[178] in which it has been shown that the absorption of ballistic thermal phonons
by the 2DEG has the correct order of magnitude in the absence of the magnetic
field only when the reflection of these phonons from the interfaces is taken into
account. The results obtained in the previous chapter also indicate directly the
importance of the interface effect. The energy and momentum relaxation of the
2DEG have been calculated [41, 43, 42] and it has been shown that there are
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Figure 4.2: Schematic view of the ballistic acoustic phonon emission.
situations when interfaces strongly suppress the relaxation rates. Recently the
acoustic phonon emission from the heated 2DEG in Si-metal-oxide nanostructure
has been studied theoretically by taking into account of the phonon reflection from
Si-SiO2 interface and it has been shown that the interface plays an important role
in the observed phonon intensity. Below it will be shown that the interface effect
is highest in the case when the 2DEG is exposed to the quantizing magnetic
field. This is conditioned by the fact that in this case, the interface interacts
with almost monochromatic phonons.
The previous experimental results (see review [174, 175]) show that the an-
gular distribution of phonon emission has a distinctly expressed peak at small
angles and the signal detected on the reverse face of the sample consists of both
longitudinal acoustic (LA) and transverse acoustic (TA) phonons. Giving their
interpretation of these experimental data for the GaAs/AlGaAs heterostructure,
the authors suggest that the presence of TA phonons in the detected signal is
only due to a piezoelectric electron-phonon interaction. They proceed from the
assumption that in a parabolic energy band, emission of TA phonons is forbidden
in the case of deformation electron-phonon interaction. However, this is not the
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case. As it can be seen later, the reflection of phonons emitted by the 2DEG
only due to the deformation coupling results in the presence of both LA and
TA phonons in the detected signal. The position and height of the peak in the
angular distribution of phonon emission are also significantly different from those
obtained in the case when the phonon reflection from interfaces is not taken into
account.
In recent years there has been much success in using of electron-optical phonon
interaction to probe the various electronic properties of the 2DEG (see [112] and
references cited therein). The electron-longitudinal optical (LO) phonon scatter-
ing rates of the 2DEG in the magnetic field free case have been calculated both for
usual bulk LO phonons [181, 182, 183, 184, 143, 185, 186, 187] as well as for bulk-
like confined LO and surface optical (SO) modes [112, 106, 188, 189, 190, 109, 110,
191]. If the magnetic field is applied normal to the electron layer, the electron
motion is fully quantized. In this quantum Hall effect (QHE) geometry, there
have been considerable experimental and theoretical interests in the various LO
phonon assisted effects of 2D-(resonant)-megneto-polarons, cyclotron resonances
[86, 192, 85, 90, 84, 93, 193, 194, 195, 187], 2D-electron-phonon bound states [39],
cyclotron-phonon resonances [40], magneto-phonon [196, 197, 198, 199, 200] and
energy loss [171, 201, 202] effects.
In various recent experiments of light radiation [203, 204, 205] or Auger
[55] processes in the QHE geometry, phonon emission remains the basic mecha-
nism which ensures the relaxation of electrons firstly created in higher Landau
states. However, in such effectively zero dimensional (0D) systems with rather
thin electron layers and subjected to rather strong magnetic fields, a large sep-
aration between Landau levels cannot be covered by an acoustical LA phonon
[45] so that the multiphonon 2LA phonon emission processes become more ef-
ficient [47]. Meanwhile an optical phonon emission requires a precise resonance
∆lωB = ωLO, ∆l = 1, 2, 3, · · · in this regime (ωB and ωLO are the cyclotron and
the LO phonon frequencies). As far as it moves off from the resonance, the effi-
ciency of this process is steeply falls so that out of resonance, LO phonon emission
becomes possible in accompaniment of LA phonon emission via the two-phonon
emission mechanism. Possibly for this reason, except for the work [173], calcu-
lations of the electron-optical phonon relaxation rates have been restricted thus
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far to the zero magnetic field case where LO phonon emission is the dominant
relaxation mechanism with subpicosecond emission time. In Ref. [173] the di-
rect calculation of the electron-phonon scattering rates have been carried out for
a quantum well structure with infinitely high confining wells. It has been ob-
tained, however, that in the case of polar optical (PO) phonon scattering, the
relaxation rate diverges. This divergence has been physically attributed to the
complete quantization of the electron spectrum although it does not make clear
why the relaxation rate diverges only for polar interaction. We suppose that this
divergence can be caused by use of the momentum-conservation-approximation
[143, 185] in the extreme quantum limit. Whereas this approximation fails in
this limit [143, 185]. It can be seen later that calculations without using of the
momentum-conservation-approximation allow us to avoid this divergence.
Recently, to estimate the intensity of infrared cyclotron radiation from the
2DEG in a double barrier quantum well structure, the LA, 2LA phonon, pho-
ton emission and Auger processes happening in the QHE geometry have been
analyzed [206]. Although, the LO+LA phonon emission processes have not been
considered, one may expect that in some experimental situations, electron re-
laxation from a higher Landau level directly into the lowest one can turn out
crucial either due to LO phonon emission or, if it is far from the resonance, due
to LO+LA phonon emission.
The LO phonon assisted electron relaxation in quantum dots has been studied
in [32, 36]. The multiphonon relaxation rate calculation in a GaAs quantum dot
[36] has indicated the significance of LO+LA processes in such 0D systems which
create a window of rapid subnanosecond relaxation.
Up to now, however, the study of the LO phonon assisted multiphonon pro-
cesses in effectively 0D systems of the QHE geometry is missing from the litera-
ture.
The aim of the present chapter is to study theoretically the deformation acous-
tic DA phonon and the polar optical PO phonon interaction with the 2DEG in
the QHE geometry. The calculations incorporate one DA or PO phonon and two
DA+PO phonon emission processes for electron relaxation between bulk Lan-
dau states. In Sec. 4.2 the transition probability between two Landau levels
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with acoustic phonon emission via a deformation potential is calculated tak-
ing into account phonon reflection from the free crystal surface near which the
2DEG is located [45]. This probability is shown to be an oscillating function
of the magnetic field B and of the distance z¯ from the 2DEG to the free sur-
face. The oscillation period is given by the condition that z¯ is a multiple of the
half-wavelength of the emitted phonons λ/2 = πs/ωB. In Sec. 4.3 the emission
spectrum of ballistic acoustic phonons in quantizing magnetic fields normal to
the plane of the 2DEG is calculated when the reflection of these phonons from
a GaAs/AlGaAs type interface is taken into account [49]. Phonon emission only
due to the deformation electron-phonon interaction is considered. It is shown that
the interface affects essentially the intensity and the composition of the emitted
phonon field. The emission spectrum of surface acoustic phonons is calculated
in Sec. 4.3.2 [50]. Strong exponential suppression of emission of surface acous-
tic phonons occurs in a wide range of the magnetic field variation, ωB ≫ 2mc2R
(mc is the electron mass and cR is the surface wave velocity). Therefore, cooling
of the heated 2DEG is only at the expense of bulk longitudinal and transverse
acoustic phonons. In Sec. 4.4 the longitudinal optical phonon assisted electron
relaxation is investigated in the 2DEG in the quantum Hall effect geometry [48].
The phonon emission rates versus inter-Landau-level separations are calculated.
Electron interaction with bulk PO and interface SO phonons are considered. In
quantizing magnetic fields, emission of LA phonons via piezoelectric interaction
is suppressed in comparison with deformation interaction [46]. Therefore, the
calculations of LO+LA phonon emission are carried out for the deformation po-
tential of DA phonons and for the Fro¨lich coupling of PO phonons. To obtain a
finite relaxation rate associated with one-phonon emission, the allowance for the
Landau level broadening or for the LO phonon dispersion is made. Below the
LO phonon energy, h¯ωLO, within an energy range of the order of h¯
√
ωB/τ , the
one-phonon relaxation rate exceeds 1 ps−1, τ is the relaxation time deduced from
the mobility. In GaAs/AlGaAs heterostructure with the mobility µ = 25 V−1
s−1 m2, this range makes up 0.7 meV. The two-phonon emission has a significant
contribution to relaxation above h¯ωLO. At energy separations of the order of
sa−1B (aB is the magnetic length), LO+LA phonon emission provides a mecha-
nism of subpicosecond relaxation while in a wide energy range of the order of
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h¯ωB, subnanosecond relaxation can be achieved.
Particular attention is given to the comparison of electron relaxation going on
in two different ways: first, relaxation in two consecutive emission acts (emission
of a PO phonon with subsequent emission of a LA or 2LA phonons) and, second,
PO+DA phonon relaxation via the multiphonon emission mechanism between
the same Landau levels. Particularly, emission processes in magnetic fields up to
10 T are considered. On the one hand in such fields, the resonance ∆lωB = ωPO
can be achieved for small values of ∆l = 1, 2, 3. On the other hand, acoustical
phonon emission at electron transitions between such distant Landau levels is still
a rather efficient effect [45, 47, 176] observable in experiment [203, 204, 205, 55,
56]. Numerical results are illustrated for PO phonon assisted relaxation between
Landau levels l = 3 and l = 0. The last section contains concluding remarks.
4.2 Electron transition probability between Lan-
dau levels: Free surface effect on electron-
acoustic phonon interaction
In what follows we evaluate the probability of electron transitions between two
Landau levels due to electron-acoustic-phonon interaction via the deformation
potential. Implying the 2DEG in a GaAs/AlGaAs heterostructure, the electron
effective mass is considered to be isotropic. In this case, according to [41], the
transition probability from the state Ψi(r) with energy εi to the state Ψi(r) with
energy εi with lattice temperature T = 0 is given by
Wi→f =
2Ξ2
h¯L2
∑
q⊥
∫
d3r1
∫
d3r2Ψ
∗
f (r1)Ψf(r2)Ψi(r1)Ψ
∗
i (r2)
× exp[iq⊥ · (R1 −R2)]K(ω,q⊥|z1, z2). (4.1)
Here we have used following notations: Ξ is the deformation potential constant,
L2 is the normalization area in the (x, y)-plane occupied by the 2DEG, q⊥ and
R are vectors in the (x, y)-plane. The kernel K is given in terms of the force-
displacement Green function, calculated for elastic media, composed from GaAs
and AlGaAs layers (and a metallic layer, if present). The frequency ω entering
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this Green function satisfies h¯ω = εf − εi. When the temperature T 6= 0, the
probabilities of the downward transitions εf < εi are obtained from expression
(4.1) by multiplying the latter by a Bose factor Nω +1 and a Fermi factor fi(1−
ff) while for the upward transitions εf > εi the probabilities are calculated
from the detailed balance principle. The elastic properties of the crystals GaAs
and AlGaAs differ very little. Therefore. in the absence of a metallic gate the
Green function of interest is the half-space Green function. In the isotropic
approximation the latter has been calculated in Ref. [152], and the corresponding
kernel K was calculated in Ref. [41]. A metallic gate changes the kernel K:
however, in a rough approximation this fact can be ignored (since the reflection
factor for longitudinal acoustic wave energy at the Ni/GaAs interface is less than
10%). The electron wave functions Ψ in (4.1) are of the following form:
Ψnlkx(r) = χlkx(R)ψn(z) (4.2)
where χ is the Landau wave function (l is the Landau level number, kx is the
x-component of the electron momentum), and ψ is the spatial quantization wave
function (n is the subband quantum number). Inserting the wave functions (4.2)
into (4.1) and performing the integration over R, we obtain
Wnlkx→n′l′k′x =
2Ξ2
h¯L2
∑
q⊥
δkx,k′x−qxQ
2
ll′(q⊥)
×
∫
dz1
∫
dz2ψf (z1)
∗ψf (z2)ψi(z1)ψi(z2)∗K(ω,q⊥|z1, z2).(4.3)
where the modulus squared of the form factor Qll′ is given by Eq. (2.12) [207].
The form factor Qll′ does not depend on momenta k and k
′ apart but depends
only on q⊥ which is bound up with the axial symmetry of the magnetic field.
We shall consider only transitions between Landau levels corresponding to the
ground state of spatial quantization omitting the subband index n. Summation
over the final values k′x and averaging over the initial values kx gives
Wl→l′ = Av
kx
∑
k′x
Wnlkx→n′l′k′x
=
Ξ2
πh¯
∫ ∞
0
dq⊥q⊥Q
2
ll′(q⊥)
∫
dz1
∫
dz2|ψ(z1)|2|ψ(z2)|2K(ω, q⊥|z1, z2).(4.4)
Here we have made use of the fact that in the case of the isotropic approximation
the kernel K is independent of the direction of the vector q⊥. It follows from
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(2.12) that the integration in (4.4) is limited by values q⊥<∼a−1B . On the other
hand, ω = ωB, 2ωB, 3ωB, · · ·. Therefore for the most important transitions with
ω ∼ ωB we have (sq⊥/ω)2<∼ms2/h¯ωB. Since in GaAs ms2 = 0.11 K, we may
conclude that in the quantizing magnetic fields always the sq⊥/ω ≪ 1 inequality
takes place. Thus, we can expand the kernel K in q⊥ and use the simplified
expression
K(ω, q⊥|z1, z2) = ω
2ρs3
{cos [a(z1 − z2)]− cos [a(z1 + z2)]} , a =
√
ω2
s2
− q2⊥. (4.5)
Recall that here ρ is the crystal mass density, s is the longitudinal sound velocity.
The value z = 0 refers to the free surface position. The quantity a, which
represents the component of the phonon wave vector normal to the surface, is not
expanded in q⊥, since z1 and z2 can be large if the 2DEG is far from the surface.
Now let us choose a certain point z¯ inside the 2DEG (e.g. the ”center of gravity”
of the distribution |ψ(z)|2 or the GaAs/AlGaAs interface) and substitute: z =
z¯ + ζ into the integral (4.4) and the kernel (4.5). Then carrying the intergration
over ζ1 and ζ2, we obtain
Wl→l′ =
Ξ2ω
2πh¯ρs3
Re
∫ ∞
0
dq⊥q⊥Q2ll′(q⊥)
[
|I(a)|2 − exp(2iaz¯)I(a)2
]
. (4.6)
The form factor I(a) is given by
I(a) =
∫
dζ |ψ(z)|2 exp(iaζ) ≡ |I(a)| exp{iϕ(a)}. (4.7)
Since in the latter integral the integration range is limited due to the localization
of the distribution |ψ(z)|2, we can put q⊥ = 0, i.e. take a = ω/s. However, this
approximation can be invalid in the exponential factor exp(2iaz¯), since z¯ can be
large. But still, for values z¯ not too large we may use the expansion
a =
ω
s
[
1− 1
2
s2q2
ω2
− . . .
]
. (4.8)
Inserting this expansion in the exponential factor, we obtain
Wl→l′ =
Ξ2ω
2πa2Bh¯ρs
3
Re
{
1− exp
[
i
(
2ω
s
z¯ + ϕ
(
ω
s
))]
Fll′(ξ)
}
, (4.9)
Fll′(ξ) =
∫ ∞
0
dtQ2ll′(t) exp(−iξt)
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=
l!
l′!(l − l′)!
(iξ)2l
′
(1 + iξ)l+l′+1
2F1(−l′,−l′; l − l′ + 1;−ξ−2), (4.10)
ξ =
z¯
∆lΛ1
, Λ1 =
h¯
2ms
, ∆l = l − l′. (4.11)
Here 2F1 is the Gauss hypergeometric function. The integrals Fll′ → 0 when
z¯ → 0 so that the probabilityW has a definite limit corresponding to the infinitely
distant free surface, as one should expect. We list explicit formulae for F for the
most important transitions,
F10(ξ) = (1 + iξ)
−2, F20(ξ) = (1 + iξ)−3, (4.12)
F21(ξ) = 2
(iξ)2
(1 + iξ)4
2F1(−1,−1, 2;−ξ−2). (4.13)
It follows from the integrals (4.11) that one can neglect the free surface effects
when z¯ ≫ Λ1. For GaAs Λ1 = 170 nm while typical values of z¯ are in the interval
50 to 150 nm. The expansion (4.8) can be used in exp(2iaz¯) if the quantity
z¯
ω
s
(
sq⊥
ω
)4
≈ z¯ a
2
B
Λ31
(4.14)
is small. This condition is usually satisfied in the quantizing fields. Equally
with the momentum spread, there exists another reason why the effect of the
free surface becomes weaker with distance, namely, the spread of the frequen-
cies of the emitted phonons due to the Landau level broadening. To take this
broadening into account, we average the transition probability (4.11) over ω using
a Lorentzian distribution with its center at the transition frequency ∆lωB and
width 1/τ . Only the fast oscillating factor containing z¯ should be averaged, and
as a result this factor is substituted as follows
exp
(
i
2ω
s
z¯
)
→ exp
(
− z¯
Λ2
+ i
2ω
s
z¯
)
, (4.15)
Λ2 =
1
2
h¯s
Γ
(4.16)
where Γ is the Landau level width. Before comparing the two attenuation lengths
Λ1 and Λ2, we discuss what sort of Landau level width is to be used in averaging.
In high-quality heterostructures the Landau level width being determined from
the de Haas-van Alphen effect, is a factor of about 10 larger than the width Γ =
h¯/τ , with τ determined from mobility or from cyclotron resonance [208]. This is
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because the scattering potential has a smooth component with a large amplitude.
The smooth potential produces an inhomogeneous broadening of the Landau
levels seen in the de Haas-van Alphen effect. However, the smooth potential gives
no contribution to scattering, since its correlation length exceeds the electron
Fermi wavelength [209]. Neither does the smooth component contribute to the
cyclotron resonance linewidth, since the absorption occurs without change of kx,
i.e. with a fixed position of the center of the Landau oscillator.
It follows from (4.3) that phonon emission is accompanied by a change of kx,
the change being of the order of a−1B . In other words, when a phonon is emitted,
the center of the Landau oscillator is shifted by a distance of the order of aB. Since
in quantizing magnetic fields aB ≪ Λ, no contribution is made by the smooth
potential component to the frequency spread of the emitted phonons. Therefore
the Γ = h¯/τ in (4.16) should be deduced from the momentum relaxation time.
Even in high-quality heterojunctions with mobility µ = 100 m2 V−1 s−1 the
length Λ2 = 100 nm is comparable with the distance z¯. Therefore the Landau
level broadening is essential.
With the model wave function [125]
|ψ(ζ)|2 = 1
2d3
ζ2 exp(−ζ/d), (4.17)
where ζ = 0 corresponds to the interface position, one obtains∣∣∣∣I
(
ω
s
)∣∣∣∣2 = 1(1 + η)3 , tanϕ
(
ω
s
)
=
η(3− η)2
(3η − 1)2 , η =
ω2
(s/d)2
. (4.18)
For a GaAs/AlGaAs heterojunction the typical value is d = 3 nm (see Ref. [210]),
and ωB = s/d when B = 0.66 T. With the wave function (4.17), the probability
of the most important transition from l = 1 to l = 0 is
W1→0 =
1
τ¯
(
ωB
s/d
)2 1 +
(
ωB
s/d
)2
−3
×
{
1− exp(−z¯/Λ2)
1 + (z¯/Λ1)2
cos
(
2
ωB
s
z¯ + 6 tan−1
ωB
s/d
− 2 tan−1 z¯
Λ1
)}
,(4.19)
1
τ¯
=
mΞ2
2πh¯2ρsd2
. (4.20)
Here τ¯ is a nominal relaxation time, depending only on the heterojunction. For
a GaAs/AlGaAs heterojunction with d = 3 nm we have τ¯ = 0.20 ns. One may
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Figure 4.3: Transition probability W1→0 between Landau levels l1 = 1 and l2 = 0
versus magnetic field B for the distance z¯ = 100 nm and z¯ =∞ from the 2DEG
to the free surface.
see from (4.19) that when the 2DEG is not too far from the free surface, the
transition probability W has an oscillatory dependence on the magnetic field B
and on the distance z¯ from the free surface. For illustration we calculate from
(4.19) W1→0 (normalized to 1/τ¯) versus B for z¯ = 100 nm and z¯ =∞ (Fig. 4.3)
and also versus z¯ for B = 0.5 T (Fig. 4.4).
4.3 Ballistic acoustic phonon emission by Lan-
dau states
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Figure 4.4: Transition probability W1→0 between Landau levels l1 = 1 and l2 = 0
versus distance from the 2DEG to the free surface for the magnetic field B = 0.5
T. The transition probability is also shown when no phonon reflection is taken
into account.
4.3.1 Acoustic energy flux density
For deformation electron-phonon interaction in the non-degenerate isotropic en-
ergy band, with the energy minimum in the Brillouin zone center, the interaction
Hamiltonian density can be represented in the following form
Hint = Ξ |Ψ(r, t)|2 div u(r, t). (4.21)
Here Ξ is the deformational potential constant, Ψ(r, t) and u(r, t) are respectively
the electron and phonon field operators in the Heisenberg representation. It can
be shown by a straightforward calculation that the spectral density of the acoustic
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energy flux at the frequency ω has the form
Wα = Re
[
−i ω
2π
< σ+αβ(r0)uβ(r0) >ω
]
, (4.22)
σαβ(r0) = 2µuαβ + λuγγδαβ, uαβ =
1
2
(∂αuβ + ∂βuα). (4.23)
Here σαβ and uαβ are the stress and deformation tensors of the elastic medium, µ
and λ are the Lame coefficients, < · · · >ω is the Fourier transform of the correlator
of the operators σ and u. Repeated Cartesian indices imply summation over the
values α, β = 1, 2, 3, and ∂α ≡ ∂/∂α is the partial derivative operator.
As follows from expressions (4.21) and (4.22), in order to obtain the flux
density Wα we have to calculate the correlator for the phonon field operators
Kαβ(r, r
′) =< u+α (r)uβ(r
′) >ω . (4.24)
With that purpose we note that the deformational displacement uα(r, t) is caused
by the force
Fα(r, t) = − δ
δuα
Hint = Ξ ∂α|Ψ(r, t)|2. (4.25)
Therefore, making use of the Green function Gαβ from elasticity theory, for the
displacement under the force (4.25) we can write
uα(r) =
∫
d3r1dt1Gαβ(r, r1|t− t1)Fβ(r1, t1) (4.26)
The electron field operators in the occupation number representation are ex-
pressed through the anti-commutative Fermi operators as in the following form,
Ψ(r, t) =
∑
s
asψs(r) exp(−iεst) (4.27)
where εs and ψs are, respectively, energies and wavefunctions of electrons in the
single-particle states which are characterized by a set of quantum number s.
Substituting expressions (4.25)-(4.27) into (4.24) we can represent the correlator
K in the following form
Kαβ(r, r
′) = 2πΞ2
∑
s,s′
fs(1− fs′)δ (εs − εs′ − h¯ω)
∫
d3r1d
3r2
× ψ∗s(r1)ψs′(r1)ψs(r2)ψ∗s′(r2)D∗α(r, r1|ω)Dβ(r′, r2|ω) (4.28)
in which
Dα(r, r
′|ω) = ∂′βGαβ(r, r′|ω) (4.29)
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and the fs are the electronic occupation numbers.
Now, in order to obtain the energy flux, we have to find the Green function
for a layered elastic medium consisting of GaAs and AlGaAs, and a metallic gate.
As was shown in previous section, such a layered medium can be described for our
purposes in the framework of a semi-infinite elastic medium, i.e. we can consider
the elastic waves to be reflected only from a surface adjacent to the vacuum. In
this case it is assumed that the 2DEG is at a distance z¯ from the free surface.
The Green function for an isotropic semi-infinite elastic medium in the mo-
mentum representation in the plane of the translation invariance has been ob-
tained in [156]. Using these results, we have calculated the Green function in the
coordinate representation. As far as phonon emission is detected in an infinitely
distant point on the reverse face of the sample, we are interested in obtaining the
Green function G(r0, r1|ω) when r0 → n∞, n is a unit vector directed towards
the detector.
The result of calculations shows that the acoustic energy flux density is rep-
resented as a sum of the flux densities of the bulk LA and TA phonons:
WBulkα = WLα +WTα (4.30)
where
WLα =
1
π
ρs2qLα h¯ωK
L
ββ(r0, r0), (4.31)
WTα =
1
π
ρc2qTα h¯ωK
T
ββ(r0, r0), (4.32)
in which s (c) and qLα = nαω/s (q
T
α = nαω/c) are the velocities and momenta for
the LA (TA) phonons, respectively. Further, the kernel of the correlator KL in
expression (4.28) is given by
D∗α(r0, r1|ω)Dβ(r0, r2|ω) =
ω2
16π2r20ρ
2s6
HL∗(r1)HL(r2) (4.33)
where
HL(r) = exp(−iqL⊥R)
[
exp(−iqLz z) +RLA→LA exp(iqLz z)
]
. (4.34)
Similarly, in calculating KT we have exploited
D∗α(r0, r1|ω)Dβ(r0, r2|ω) =
ω2
16π2r20ρ
2c4s2
HT∗(r1)HT (r2) (4.35)
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where
HL(r) = RLA→TA exp(−iqL⊥R− iαLz). (4.36)
The following notations were used in expressions (4.34) and (4.36): r = (R, z)
and q = (q⊥, qz), where R and q⊥ are two dimensional vectors in the (x, y)-
plane. The reflected-to-incident LA wave amplitude ratio RLA→LA is given by
the following expression
RLA→LA = c
2 sin(2θ) sin(2θT )− s2 cos2(2θT )
c2 sin(2θ) sin(2θT ) + s2 cos2(2θT )
, sin θT =
c
s
sin θ (4.37)
where θ is the angle between the vector n and the normal to the plane of incidence.
The amplitude ratio of the reflected TA wave to the incident LA wave as well
as the momentum αL are determined differently in various ranges of the angle θ,
θ < θ < θc and θc < θ < π/2, where θc = arcsin(c/s) is the critical angle of the
TA wave total reflection.
When θ < θ < θc then the momentum α
L = −i(ω/s) cos θL where sin θL =
(s/c)sinθ and
RLA→TA = 2cs sin(2θ) cos(2θ)
c2 sin(2θ) sin(2θL) + s2 cos2(2θ)
. (4.38)
When θc < θ < π/2 then the momentum α
L = (ω/s)shϑL where chϑL =
(s/c)sinθ and
|RLA→TA|2 = 4c
2s2 sin2(2θ) cos2(2θ)
c4 sin2(2θ)sh(2ϑL) + s4 cos4(2θ)
. (4.39)
Since we are interested in emission taking place in the magnetic field, we have
to take in the corellator (4.28) the electron wave functions given by Eq. (4.2).
Substituting expressions (4.28), (4.33)-(4.36) and (4.2) into the relation (4.31),
we finally obtain the following expression for the LA phonon energy flux density
emitted from a unit area of the 2DEG into a solid angle element do around the
direction θ:
dWL(θ) =
[
1 +R2LA→LA + 2RLA→LA cos 2ϕ
]
W3D(θ)do (4.40)
where
W3D(θ) =W0Q2l1l2
(
ω
s
sin θ
) ∣∣∣∣I
(
ω
s
cos θ
)∣∣∣∣2 , W0 = Ξ
2ω4B
8π3ρs5a2B
fl1(1− fl2) (4.41)
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is the LA phonon acoustic energy flux when the phonon reflection is not taken into
account. The form factors Ql1l2 and I(qz) are given by Eq. (2.12) and Eq. (4.7).
The phase ϕ in Eq. (4.7) can be represented in the form
ϕ(θ, z¯) =
ω
s
z¯ sin θ + ϕ0, (4.42)
aB is the magnetic length. It is assumed that the interacting electrons stay at the
same spatial quantization level. It is also taken into account the spin degeneration
factor gs = 2.
For TA phonons in the same way, we obtain in the angular range 0 < θ < θc
dWT (θ) = s
3
c3
|RLA→TA|2W3D(θL)do (4.43)
while in the range θc < θ < π/2
dWT (θ) = s
3
c3
|RLA→TA|2W3D(π/2− iϑL)do (4.44)
Notice that in the range 0 < θ < θc, WT does not depend on the distance z¯ while
in the range θc < θ < π/2, there appears a strong exponential dependence via a
factor exp[−2(ω/s)z¯shϑL].
4.3.2 Suppression of surface acoustic phonon emission
In the previous section, the emission spectrum for the bulk ballistic acoustic
phonons has been calculated when the reflection of these phonons from the in-
terface near the 2DEG has been taken into account. It is clear that, in spite of
the considered deformational electron-phonon coupling, the detected signal con-
sists of both longitudinal LA and transverse TA phonons. However, the emitted
phonon field, in general, must also include surface acoustic SA phonons. Over the
last few years the interaction between the 2DEG and surface acoustic waves in
the quantum Hall regime have been widely investigated [211, 212, 213, 214, 215].
In order to find the emission spectrum of the ballistic surface phonons, we
have to complement our calculations of the previous section also for the energy
range ω < cq⊥, where c is the TA phonon velocity, ω and q⊥ are the energy
and in-plane momentum of the phonons. Recall that the elasticity theory Green
function has the pole in this energy range corresponding to the normal surface
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mode of the elastic layered medium. Straightforward calculations show that the
spectral density of the acoustic energy flux W at frequency ω is represented as a
sum of the flux densities of the bulk and surface SA phonons,
W =WBulk +WS. (4.45)
Moreover, if one describes the layered medium of the GaAs/AlGaAs heterostruc-
ture in the framework of a semi-infinite elastic medium which is an acceptable
approximation for our purposes [45] then for the flux density of the Rayleigh
waves emitting from a unit area of the 2DEG we obtain
WR|1→0 = gW0 κ2R exp(−κ2R)(1 +
ηRd
z¯
)−6 exp(−2ηR), (4.46)
κ2R =
1
2
(qRaB)
2 =
ωB
2mcc2R
, ηR = γ1
ωB
cR/z¯
. (4.47)
where the dimensionless quantity g is given
g(ξ1, ξ2) = 2π
[
1
2γ1
(
1− γ1
γ1
(1 + γ22) +
γ21
γ22
)
− (γ1 − γ2)1 + γ
2
2
1− γ22
]
×


√
1− γ2

2(γ1 − γ2) + γ1
(
1
γ1
− 1
γ2
)2
2


−1
, (4.48)
γ1 =
√
1− ξ21 , γ2 =
√
1− ξ22 , ξ1 =
cR
s
, ξ2 =
cR
c
. (4.49)
Here cR is the velocity of the Rayleigh waves. For GaAs with c/s = 0.59 and
cR/c = 0.92 (see Table 2.4), we obtain g = 2.51. This surface acoustic energy
flux isotropic and concentrated in the 2DEG plane. The factor W0 is given by
4.41 and depends on the parameters of the problem which are the same for both
bulk and surface phonons. Moreover, we have WB ∼ W0 at the peak of the
bulk phonon emission (cf. Eq. (4.41)). However, in magnetic fields B = 1 T
taking d = 3 nm and z¯ = 100 nm one can be convinced that κ2R = 303 and
2ηR = 157. This means that the emission of SA phonons is extremely weak. The
first exponent in Eq. (4.47) is also present in the corresponding expression for the
bulk phonon emission intensity. However, in contrast with the bulk phonon case
where for the same transition energy h¯ωB, the emission is almost normal to the
2DEG plane, the momentum of the Rayleigh waves completely lies in the 2DEG
plane. That is why in this case κ2R ≫ 1 and the interaction matrix element rapidly
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decreases. This is a direct consequence of the fact that the electron states in this
magnetic field regime constitute a plane wave packet, and in this packet there is
an exponentially small number of waves for which the momentum conservation
law is fulfilled for interaction with surface phonons with q = ωB/cR ≫ pB ≡ a−1B .
The second exponent appears because the SA phonons propagate along the free
surface and exponentially attenuate if departing from this surface. It is easy to see
that for typical values of z¯ = 50− 150 nm the surface is always distant: ηR ≫ 1.
Thus one can confirm that the strong exponential suppression of the SA phonon
emission occurs in the wide range of the magnetic field variation, h¯ωB ≫ 2mcc2R
so the cooling of the heated 2DEG is only at the expense of emission of the bulk
phonons.
4.3.3 Interference and conversion effects
The relations obtained in previous section show that in spite of deformation
electron-phonon interaction, and though the energy band has a parabolic shape,
the phonon field emitted by the 2DEG consists of both bulk LA and TA phonons.
On the other hand, it is clear that the electrons interact directly only with LA
phonons (cf. Eq. (4.21)). This situation can be explained as follows (see Fig. 4.1).
The electrons of the 2DEG emit only LA phonons in all directions. Therefore
the detector at the point r0 will record all the LA phonons which are emitted in
the direction of negative z-axes at the angle of θ. Only such phonons were taken
into account in the 3D case. However, the detector will also respond to all those
phonons which have been primary emitted in the direction of positive z-axes at
the angles of θ and θL to the free surface. Such LA phonons, upon their reflection
and conversion at the free surface, propagate backwards in the form of LA and TA
phonons, respectively, in the negative z-direction both at the same θ angle. The
reflected LA phonons interfere with the initial LA phonons. Thus the detector
will respond to the interference field of the LA phonons and to the conversion field
of the TA phonons. Now, since the phase difference of the initial and reflected
LA phonons is the function of the angle θ and the distance z¯ (cf. Eq. 4.42), the
intensity of the detected interference of the LA phonons should also depend on
θ and z¯ (see expressions (4.40)). At the same time, one should expect that the
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intensity of the conversion field of the TA phonons should be independent of the
distance z¯. This, indeed, is the case when θ < θc. According to Eq. (4.43), the
flux of the converted TA phonons depends only on θ but not on the distance z¯.
When θ exceeds θc, the intensity of the converted TA phonons begins to depend
strongly on z¯ via the factor exp[−2(ω/s)z¯shϑL] (cf. Eq. (4.44)). The appearance
of such a dependence can be most easily understood if we consider the inverse
process of the TA→LA conversion at the phonon absorption by the 2DEG. When
the TA phonons are incident on the free surface at the angle of θ > θc due to
the total reflection effect, the LA phonons are being created in the (x, y)-plane
(one should not confuse them with surface phonons). The amplitude of such
phonons decreases exponentially with the distance from the surface. Therefore,
their interaction with the 2DEG is effective and the absorption of the TA phonons
incident at angles of θ > θc takes place when the distance z¯ is of the order of
the LA phonon wavelength λ. Usually in real structures this is not the case.
Therefore, in terms of the phonon emission, one can state that for z¯ ≫ λ, the
conversion field of the TA phonons is concentrated inside a cone θ < θc. Recall
that if the reflection of phonons from the free surface is not taken into account
then according to relation (4.41), the emission of the phonon field is concentrated
in a narrow cone around the magnetic field direction. As can be seen from
expression (4.40) , the presence of the free surface changes the LA phonon flux
magnitude by a factor of [1 +R2LA→LA + 2RLA→LA cos 2ϕ]. This factor varies
between the values 0 and 4 (see insets in Figs. 4.5-??). Therefore, there can be
situations when the effect of the free surface on the magnitude of the acoustic
energy flux can be very strong. Due to oscillations of this factor, new peaks can
originate in the dependence ofWL on θ, i.e. the initial and reflected LA phonons
can cancel each other in the interference when their phase difference is close to
π. This can take place, for example, at small angles θ and at distances z¯ ∼ d
(Fig. 4.6) where d is the electron layer thickness. One should observe, however,
that the Landau level broadening, the account of which requires the following
substitution in (4.40)
cos 2ϕ→ exp
[
− z¯
Λ2
]
cos 2ϕ (4.50)
where the characteristic damping length Λ2 is given by Eq. (4.16), will somewhat
spoil the monochromatic character of the emitted phonons and, thus, smooth the
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oscillations (Fig. 4.8). Therefore it will be difficult to observe the interference
peaks on the background of the main peak for large values of z¯ >∼Λ2. Note also
that the factor exp(−z¯/Λ2) ensure that the Landau level broadening diminishes
the effect of the free surface when z¯ →∞. This effect, however, is not eliminated
completely. When z¯ → ∞ the interference between the LA phonons disappears,
and so does the TA phonons in the range θc < θ < π/2 while in the range
0 < θ < θc, the conversion effect remains active. If we take into account that
the main emission is concentrated near small angles θ, then RL→L ≈ 1 and,
therefore, WL|z¯→∞ is nearly twice as large as W3D. This result is natural, since
the detector in this case will respond to the LA phonons emitted both in positive
and negative z-directions. However, the most intriguing for experiment is that
due to the conversion effect of the LA phonons into the TA, it becomes possible
under the deformational electron-phonon interaction to detect the TA phonons
on the reverse side of the sample. Moreover, the intensity of these TA phonons
is independent on z¯ and by its order of magnitude is comparable with W3D.
4.3.4 Angular distribution of the emitted phonon field
In this section the angular distribution of the emitted phonon field is calculated
under the condition that the electrons occupy only the ground level of the size
quantization. Therefore, to obtain the form-factor I we use the model function
(4.17) in which z¯ = 0 corresponds to the free surface position. Usually for a
GaAs/AlGaAs heterojunction the characteristic distance d = 3 nm while typical
values of z¯ vary between 50 and 150 nm. Calculations carried out for the electron
transitions between the Landau levels l = 1 and l = 0 in the magnetic field with
B = 0.5 T. It is assumed the Fermi level is to be midway between these Landau
levels and the electron temperature Te = 7 K.
In Figs. 4.5-4.8 the angular dependence of phonon emission is shown for two
values of the distance z¯. The thin curve shows the emission intensity when the
phonon reflection is not taken into account. From Figs. 4.5-4.8 one can see that
the phonon emission is practically absent for angles larger than 30◦. The TA
phonon field is concentrated in a narrower cone around the magnetic field than
the LA phonon field. Note that the total inner reflection angle θc = 36
◦. As one
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Figure 4.5: Angular distribution of the phonon emission intensity at z¯ = 105
nm when the Landau level broadening is not taken into account. Inset shows
dependence of the ratio WL/W3D on the emission angle.
can see from the diagrams in Figs. 4.5 and 4.6, the angular pattern of the LA
phonon emission is very much different for z¯ = 105 nm and z¯ = 109 nm when
the Landau level broadening is not taken into account. Namely, for z¯ = 105 nm,
LA phonon emission has a peak at θ ≈ 11◦ while for z¯ = 109 nm, emission is
strongly suppressed at the same angle so that there appear two other peaks. This
is due to the interference oscillations discussed above. These oscillations are more
distinctly demonstrated on insets of Figs. 4.5 and 4.6 where the dependence of
the ratioWL/W3D on the angle θ is shown. The oscillations almost preserve their
form with varying z¯, they are simply shifted along the θ-axis, so that emission
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Figure 4.6: Angular distribution of the phonon emission intensity at z¯ = 109
nm when the Landau level broadening is not taken into account. Inset shows the
interference oscillations.
can be strongly suppressed by choosing a proper z¯. However, for large values
z¯ >∼Λ2 (even for high-quality heterostructures with mobility µ = 100 m2 V−1 s−1
we have Λ2 ≈ 100 nm), the Landau level broadening smoothes these oscillations,
as it is shown on inset of Figs. 4.7 and 4.8. So the emission character will not
be impressively different for different values of z¯ (quod vide Figs. 4.5 and 4.6).
Finally, note that the intensity of TA phonon emission is nearly 3 − 6 times
smaller than that of LA phonons but still remains a quite measurable quantity
for experiment.
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Figure 4.7: Angular distribution of the phonon emission intensity at z¯ = 105
nm when the Landau level broadening is taken into account.
4.4 Optical phonon emission: One phonon pro-
cesses
The 2DEG embedded in an elastic medium of a single heterostructure and sub-
jected to the quantizing magnetic field in z-direction normal to the electron layer
is considered in this section. The scattering probability at which one phonon of
a given mode Υ and a 3D-wavevector q = (q⊥, qz) is emitted by an electron of
the 2DEG is given by Fermi’s golden rule as
WΥqnlkx→n′l′k′x =
2π
h¯
|MΥqnlkx→n′l′k′x|2δ (εnl − εn′l′ − h¯ωΥ(q)) (4.51)
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Figure 4.8: Angular distribution of the phonon emission intensity at z¯ = 109 nm
when the Landau level broadening is taken into account.
The electron eigenstate |nlkx > is labeled by a subband index n corresponding
to the quantization of electron motion in z-direction, by a Landau index l and
an electron momentum x-component kx. In the case of the bulk Landau states
the eigenenergy εnl does not depend on the quantum number kx which counts
the degeneracy of a Landau level. The frequency of a phonon in a given mode is
ωΥ(q). Because corresponding wave functions |nlkx > are factored into a subband
function |n > and a Landau oscillator function |lkx > the matrix element can be
represented in the form
MΥnlkx→n′l′k′x = B
Υ(q)Qll′(q⊥)IΥnn′(qΥ)δk′x,kx−qx (4.52)
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where the form factor Qll′ is given by Eq. (2.12). In the case of n = n
′ = 0, using
the model wave function (4.17), one can obtain the following explicit forms for
the subband part of the matrix element
|IPO,DA00 (qz)|2 = (1 + q2zd2)−3, |ISO00 (q⊥)|2 = (1 + q⊥d)−6 (4.53)
where d is the length scale of the 2DEG in z-direction. It is assumed that d is
the smallest parameter of the problem so that the electron relaxation between
Landau levels of the lowest subband should be considered.
In Eq. (4.52) the factors BΥ(q) characterize the electron-phonon interaction
and are given by
BDA(q) = iq1/2
B
1/2
DA
L3/2
,
1
τ¯DA
=
mcBDAp
3
PO
πh¯2s
=
Ξ2p3PO
2πh¯ρs2
=
1
4 ps
, (4.54)
BPO(q) =
1
iq
B
1/2
PO
L3/2
,
1
τ¯PO
=
mcBPO
πh¯3pPO
= 2αPOωPO =
1
0.14 ps
, (4.55)
BSO(q⊥) =
1
iq
1/2
⊥
B
1/2
SO
L
,
1
τ¯SO
=
mcBSO
πh¯3pSO
=
αSOωSO
αPOωPO
1
τ¯PO
=
{
(0.50 ps)−1 for x = 0.3,
(0.34 ps)−1 for x = 1.
(4.56)
Here L is the normalization length,mc is the electron effective mass, s is the sound
velocity and h¯pΥ =
√
2mch¯ωΥ. The constants BDA, BPO [136] and BSO are bound
up, respectively, with the deformation potential constant Ξ, the usual Fro¨lich
constant αPO and the electron-SO phonon coupling αSO. The constant αSO for
interface modes in a single heterostructure is defined according to Eq. (2.7).
In Eqs. (4.55)-(4.56) instead of the constants BΥ, the nominal times τ¯Υ [136]
are defined which give a visual view of scattering rates. It can be seen that τ¯SO
is 2.5 ∼ 3.5 times larger than τ¯PO, i.e., generally speaking, the interaction with
interface modes should be weaker than with bulk modes.
4.4.1 Polar optical phonon scattering
The scattering rate of an electron between two Landau levels l and l′ interacting
with PO phonon can be represented in the form
1
τPOl→l′
=
∑
q,k′x
W POqnlkx→n′l′k′x =
2π2
L3
vPO
τ¯PO
∑
q
1
q2
Q2ll′(q⊥)
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× |I00(qz)|2δ(∆lωB − ωPO(q)) =
√
ωBωPO
τ¯PO
DPOll′ (γ) (4.57)
where the overlap integral DPOll′ (γ) is given as
DPOll′ (γ) =
∫ ∞
0
dxdt
Q2ll′(t)
(t+ x2)(1 + γ2x2)3
× δ (∆lωB − ωPO(q)) , γ2 = 2 d
2
a2B
. (4.58)
The PO phonon emission is governed by the density of final states of a two-
particle system: an electron at the level l′ and a PO phonon. If the PO phonon
dispersion be ignored then both particles have an infinite mass so that this system
does not have a continuous spectrum. Thus, to obtain the finite relaxation rate
the Landau level broadening or the PO phonon dispersion is to be taken into
account.
Allowance for the Landau level broadening
For actual calculations of the scattering rate (4.57) we have to smear the δ-
function in Eq. (4.58). Replacing the δ-function by a Lorentzian
δ(· · ·)→ τ
π[1 + τ 2(ωPO −∆lωB)2] (4.59)
characterized by the total width h¯/τ where τ is the relaxation time deduced from
the mobility (e.g. µ = 25 V−1 s−1 m2 corresponds to τ = 10 ps), it is easy to
obtain
DPOll′ (γ) =
τ
1 + τ 2(ωPO −∆lωB)2d
PO
ll′ (γ), (4.60)
dPOll′ (γ) =
1
16
∫ ∞
0
dtQ2ll′(t)
8 + 9γ
√
t + 3γ2t√
t(1 + γ
√
t)3
, (4.61)
dPOl0 (0) =
√
π
(2l − 1)!!
2l+1l!
. (4.62)
One can see that x2 ≃ t ≃ 1, i.e. qz ≃ q⊥ ≃ a−1B , have the main contribution to
the integral (4.58). This isotropic distribution in momenta of emitted phonons
is conditioned by the long-range nature of the polar interaction. It forces the
scattering time to be governed by the minimum scale in the momentum s
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min{a−1B , d−1}. Recall that in the case of DA phonon scattering, phonon emission
is anisotropic in the momentum space: qz ≃ d−1 ≫ q⊥ ≃ a−1B [176, 45, 216].
In magnetic fields below 10 T using d = 3 nm as a typical value for a
GaAs/AlGaAs heterostructures we have γ2 ≪ 1. Therefore, in rough estimates,
the value of dPOll′ at γ = 0 can be used.
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Figure 4.9: The Landau level broadening contribution to the PO phonon emission
rate versus on the inter-level-spacing ∆lωB for the electron transitions between
l = 3 and l′ = 0 levels in the vicinity of the PO phonon energy ωPO.
The result of numerical calculations according to Eqs. (4.57) and 4.62 at
γ 6= 0 and τ = 10 ps is shown in Fig. 4.9. The diagram of the scattering rate
dependence on the inter-Landau-level separation for l = 3 and l′ = 0 represents
a narrow peak at the PO phonon energy with peak value exceeding 102 ps−1.
One may see that for detuning 0.2 meV the scattering time τPO3→0 increases by an
order.
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Note that in the case of the relaxation between Landau levels l = 1 and l′ = 0
the scattering rate dependence on the inter-level spacing is also represented as
a Lorentzian with approximately the same width and with the peak value 1.17
times larger than that of for the relaxation between levels l = 3 and l′ = 0.
Allowance for the PO phonon dispersion
In this case taking ωPO(q) = ωPO(1 − q2/2q20) with ωPO = 36.62 meV and q0 =
18.5 nm−1 the overlap integral (4.58) can be reduced to a one-dimensional integral
of the form
DPOll′ (γ) =
∫ ∞
0
dxdt
Q2ll′(t)
(t+ x2)(1 + γ2x2)3
δ
(
∆lωB − ωPO + t+ x
2
2x20
ωPO
)
=
a
ωPO −∆lωB
∫ 1
0
dx
Q2ll′(y)
(1 + b2x2)3
, a2 = (1− ∆lωB
ωPO
)q20a
2
B,
x20 =
1
2
q20a
2
B, y = a
2(1− x2), b2 = a2γ2 (4.63)
which is evaluated numerically for the electron transitions between l = 3 and
l′ = 0 Landau levels (Fig. 4.10). Because of the energy conservation, electron
relaxation via this mechanism is possible only on the low magnetic field side,
3ωB < ωPO. The scattering rate has a sharp and strongly asymmetric peak
immediately below ωPO with the peak value exceeding 10 fs
−1. It can be seen from
Esq. 4.57 and 4.63 that the scattering rate decreases exponentially for energies
below the peak value while it drops more strongly for energies above the peak
value (Fig. 4.10). As following from the comparison of diagrams of Figs. 4.9
and 4.10, the PO phonon dispersion contribution at the relaxation peak by an
order of magnitude is greater than the Landau level broadening contribution. The
former remains significant even for samples of exceptional quality (µ > 100 V−1
s−1 m2). On the other hand the allowance for the Landau level broadening gives
rise to a symmetric peak at ωPO thereby providing the one-phonon relaxation on
the upper side of the resonance.
Note that the electron-PO phonon relaxation rate calculated for a GaAs quan-
tum dot [36] as a function of a dot diameter or, that is the same, of an inter-level-
spacing has an approximately 3 ∼ 4 times narrow peak than the peak of the PO
phonon dispersion contribution obtained here in the QHE geometry. Both have
approximately the same peak value.
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Figure 4.10: The PO phonon dispersion contribution to the PO phonon emission
rate as a function on the inter-level-spacing ∆lωB for the electron transitions
between l = 3 and l′ = 0 levels.
4.4.2 Surface optical phonon scattering
In the case of a single heterostructure, the surface optical SO phonons do not
exhibit dispersion. Therefore for SO phonons we consider only the Landau level
broadening contribution to the relaxation. To obtain the scattering rate we have
to replace all indexes PO by SO and to take the overlap integral DSOll′ in the form
DSOll′ (γ) =
τ
1 + τ 2(ωSO −∆lωB)2d
SO
ll′ (γ), (4.64)
dSOll′ (γ) =
∫ ∞
0
dt
Q2ll′(t)√
t(1 + γ
√
t)6
, (4.65)
dSOl0 (0) =
√
π
(2l − 1)!!
2ll!
. (4.66)
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Note that t ≃ 1, i.e. q⊥ ≃ a−1B have contributed heavily to both integrals in
Eqs. (4.62) and 4.65. It is clear that the SO phonon relaxation peak is shifted on
the low energy side by ωPO − ωSO ≈ 2 meV. Taking d = 3 nm and B = 7 T it is
easy to obtain dSO30 = 0.023 and d
PO
30 = 0.1. Therefore at the relaxation peak, the
PO phonon scattering rate is to the SO phonon scattering rate as
max
τSO3→0
τPO3→0
=
τ¯SO
τ¯PO
√
ωPO
ωSO
dPO30
dSO30
=
{
15.9 if x = 0.3,
10.8 if x = 1.
(4.67)
Thus SO phonon relaxation at least by an order is weaker than relaxation via
PO phonon emission.
4.5 Phonon emission: Two-phonon processes
To calculate the electron transition probability due to the two-phonon emission
mechanism, the quasiparticle approach has been exploited. Therefore, the two-
phonon contribution to electron relaxation in the first order of the perturbation
theory arising from the interaction Hamiltonian expanded up to second order
in the phonon displacement operators can be neglected [136]. The second order
contribution to the probability of an electron transition from a bulk Landau state
|lkx > into a state |l′k′x > of the same lowest subband (for brevity the subband
index will be omitted) at which one PO phonon with a 3D-wavevector q and one
DA phonon with a 3D-wavevector q′ are emitted is given by
W+q,+q
′
lkx→l′k′x =
2π
h¯4
BPOBDA
L6
q′
q2
δk′x,kx−qx−q′xδ(∆lωB − ωPO − sq′)
×
∣∣∣∣∣
∑
l¯,k¯x
{
< l′k′x| exp(−iq′r)|l¯k¯x >< l¯k¯x| exp(−iqr)|lkx >
(l − l¯)ωB − ωPO
+
< l′k′x| exp(−iqr)|l¯k¯x >< l¯k¯x| exp(−iq′r)|lkx >
(l − l¯)ωB − sq′
}∣∣∣∣∣
2
. (4.68)
The PO+DA phonon emission rate at electron transitions between Landau levels
l and l′ can be obtained after summing up over the phonon and the final electron
momenta, q,q′ and k′x,
1
τPO+DAl→l′
=
∑
k′x,q,q
′
W+q,+q
′
lkx→l′k′x . (4.69)
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Note that after summation over k′x the result cannot depend on gauge non-
invariant quantum number kx. The explicit calculation of the emission rate can
be carried out by consideration separately the following two situations: (∆lωB −
ωPO) ≪ ωB, ωPO and (∆lωB − ωPO)<∼ωB, ωPO, where the relaxation is qualita-
tively different.
4.5.1 Low magnetic fields
(∆lωB − ωPO) ≪ ωB, ωPO In this energy range the main contribution to the
sum over intermediate states l¯ in Eq. 4.68 have the state l¯ = l′ in the first term
and the state l¯ = l in the second term. Therefore, the emission rate can be
rewritten as
1
τPO+DAl→l
=
2π
h¯4
BPOBDA
L6c2
∑
q,q′
δ(∆lωB − ωPO − sq′)
× Q
2
ll′(q⊥)
q2q′
|Ql′l′(q′⊥)−Qll(q′⊥)|2|I00(qz)|2|I00(q′z)|2 (4.70)
which again can be reduced to a one-dimensional integral of the form
1
τPO+DAl→l
=
1
τ¯PO+DA
ωB
spPO
dPOll′ (γ)
∫ β2
0
dt′ exp(−t′)
× [Ll′(t
′)− Ll(t′)]2√
β2 − t′[1 + γ2(β2 − t′)]3 , β =
∆lωB − ωPO√
2s
aB (4.71)
where a nominal relaxation time is introduced for the DA+PO phonon emission
mechanism
1
τ¯PO+DA
=
1
4spPOτ¯POτ¯DA
(4.72)
which depends only on a heterojunction parameters. For a GaAs/AlGaAs het-
erojunction with d = 3 nm we have τ¯PO+DA ≈ 2.9 ps.
Actually in this energy range of ∆lωB, the electron transitions take place in
following two ways. (i) Remaining on the level l, an electron emits a DA phonon
thereby the electron-phonon system is forced to transit into a virtual intermediate
state. Then the electron emits a second PO phonon so that the electron-phonon
system turns out in the final state with the real electron on the Landau level l′
and with two real DA and PO phonons. (ii) In the second way, the electron emits
firstly the PO phonon and simultaneously makes a transition to the level l′. By
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emission of the second DA phonon, the created virtual intermediate state is forced
to transit into the same final state. In both cases 3D-wavevectors of emitted PO-
and DA phonons are not correlated. The 3D-wavevectors of emitted PO phonons
have the same isotropic distribution in the momentum space as in the one-phonon
emission case. While the momentum distribution of the emitted DA phonons is
different in different ranges of ∆lωB. Immediately above the PO phonon energy
for β ≪ 1 (this corresponds to the energies (∆lωB − ωPO) ≪ s/aB), electrons
emit DA phonons with q′⊥ ≃ q′z ≃ a−1B . In this case the following asymptotic
expression is obtained for the emission rate
1
τPO+DAl→l′
=
16(l− l′)2
15
β5
τ¯PO+DA
ωB
spPO
dPOll′ (γ). (4.73)
The essential part of the magnetic field dependence in this range is given by
1
τPO+DAl→l′
∝ (B − B∆l)5, (4.74)
i.e., relaxation is enhanced as a fifth power of B − B∆l with increase in the
magnetic field. Here B∆l is the magnetic field for which ∆lωB = ωPO.
In opposite limiting case of β ≫ 1, actually for energies s/d<∼(∆lωB−ωPO)≪
ωB, ωPO, electrons emit DA phonons with q
′
⊥ ≃ a−1B ≪ q′z ≃ d−1, i.e., DA phonon
emission is heavily concentrated in a narrow cone around the magnetic field. In
this case for the emission rate we obtain
1
τPO+DAl→l′
=
1
τ¯PO+DA
2
β(1 + γ2β2)3
ωB
spPO
dPOll′ (γ). (4.75)
The essential part of the magnetic field dependence is given by
1
τPO+DAl→l′
∝ (B −B∆l)−1, (4.76)
i.e., in this range relaxation becomes linearly weaker with increase in the magnetic
field.
Results of numerical evaluation of the emission rate as a function of the inter-
Landau-level separation ∆lωB in the whole energy range (4.5.1) are illustrated for
transitions between Landau levels l = 3 and l′ = 0 in Fig. 4.11. So far as the two-
phonon processes contain the small electron-phonon coupling in the second order,
PO+DA emission gives rise to a peak which is lower than that of for one-phonon
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Figure 4.11: The PO+DA phonon emission rate versus on the inter-Landau-level
separation ∆lωB for the electron transitions between l = 3 and l
′ = 0 levels in
the energy range (3ωB − ωPO)≪ ωB, ωPO.
emission. PO+DA phonon relaxation has a sharp onset at low magnetic fields
corresponding to energies immediately above h¯ωPO where the peak increases as
a fifth power in the magnetic field achieving the peak value exceeding 1 ps−1. At
high magnetic fields the peak decreases much slowly, linearly in B−B∆l, so that
the PO+DA phonon emission mechanism gives rise to a rather broad peak than
the PO phonon emission peak.
4.5.2 High magnetic fields
(∆lωB−ωPO) ≃ ωB, ωPO. As it follows from the energy conservation, the energy
of an emitted DA phonon is sq′ ≃ ωB so that q′ ≃ ωB/s ≫ a−1B . On the other
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hand, electrons in the states with Landau indexes l ≃ 1 have momenta of the
order of a−1B . Therefore for more important electron transitions with l, l
′ ≃ 1 the
momentum transmission to the phonon system is also of the same order of a−1B .
Hence in this energy range, electrons should emit phonons with almost oppositely
directed momenta of approximately equal absolute values to avoid an additional
suppression of the two-phonon emission. The large momentum transferred to each
phonon results in the large Landau index l¯ for intermediate states in Eq. (4.68).
As far as the quasiclassic description takes place for l¯ ≫ 1, the intermediate state
energies are
l¯ωB ≈ (∆l¯ωB − ωPO)
2
2ms2
≫ lωB, ωPO, sq′. (4.77)
Therefore for the emission rate in the range (4.5.2) we obtain
1
τPO+DAl→l′
=
3
2τ¯PO+DA
(2ms2/h¯)2ωB
(∆lωB − ωPO)3
1
pPOd
. (4.78)
The magnetic field dependence is given by
1
τPO+DA3→0
∝ (B −B∆l)−3. (4.79)
Because in the range (4.5.2), B is of the order of B∆l one can replace B − B∆l
by B∆l so that the emission rate dependence on the magnetic field is weak in a
rather wide energy range above ωPO.
It is interesting also to compare the PO+DA phonon emission rate for transi-
tions between Landau levels l = 3 and l′ = 0 with the 2LA phonon emission rate
at transitions between levels l = 1 and l′ = 0. Using the result obtained in [47]
it is easy to obtain
1
τPO+DA3→0
= 8
τDA
τPO
ω2PO(2mc
2/h¯)
(3ωB − ωPO)3
1
τ 2DA1→0
. (4.80)
Taking B = 8.4 T and d = 3 nm for a GaAs/AlGaAs heterojunction we have
2ms2 ≈ 0.02 meV and ωB = 2ωPO/5 ≈ 14.65 meV. So as it follows from Eq. (4.78)
at transitions between Landau levels l = 3 and l′ = 0 one can use τPO+DA3→0 = 100
ns as a characteristic relaxation time in the range (4.5.2). Under the same con-
ditions at transitions between levels l = 1 and l′ = 0 for the LA and 2LA phonon
emission times we have, respectively, τDA1→0 = 5.4 µs [45] and τ
2DA
1→0 = 15.6τ
PO+DA
3→0 .
Thus comparison of these times shows the importance of the PO+DA emission
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processes in the QHE geometry. In some experimental arrangements the PO+DA
phonon emission mechanism is much more efficient than relaxation in the follow-
ing two consecutive emission acts: PO phonon emission (even under the sharp
resonance) + either LA or 2LA phonon emission.
4.6 Summary
In conclusion, PO phonon assisted electron relaxation is calculated as a function
of the inter-Landau-level spacing in the 2DEG in the QHE geometry. The PO,
SO and PO+DA phonon emission processes via polar optical and deformation
acoustical interactions are considered. The interface SO phonon relaxation is at
least by an order weaker than the relaxation via PO phonon emission. To obtain
a finite relaxation rate associated with one-phonon emission, the allowance for the
Landau level broadening and for the PO phonon dispersion is made. Immediately
below the phonon energy h¯ωPO, the PO phonon dispersion contribution gives rise
to a sharp peak with the peak value approximately 0.17 fs−1. The Landau level
broadening contribution has a rather broad peak with the relatively lower peak
value. Below ωPO within an energy range of the order of h¯
√
ωB/τ , the one-
phonon relaxation rate exceeds 1 ps−1 (τ is the relaxation time deduced from the
mobility). In GaAs/AlGaAs heterostructures with the mobility µ = 25 V−1 s−1
m2 this range makes up 0.7 meV.
Two-phonon emission is a controlling relaxation mechanism above h¯ωPO. For
∆lωB immediately above ωPO, PO+DA phonon relaxation has a sharp onset.
The relaxation rate increases as a fifth power in the magnetic field achieving to
the peak value exceeding 1 ps−1 at energy separations of the order of s/aB (in
GaAs at B = 7 T we have h¯(s/aB) ≈ 0.4 meV). At higher magnetic fields in
the energy range sa−1B <∼∆lωB − ωPO<∼sd−1 (in GaAs with d = 3 nm we have
h¯(s/d) ≈ 1.2 meV), the two-phonon peak decreases linearly in the magnetic field.
Above ωPO within the wide energy range (in GaAs this range makes up to 5
meV), the magnetic field dependence of the relaxation rate is rather weak and
the subnanosecond relaxation between Landau levels l = 3 and l′ = 0 can be
achieved via two-phonon emission mechanism.
Our analysis demonstrates also that in some experimental situations, the
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PO+DA phonon emission mechanism is more efficient than relaxation in two con-
secutive emission acts: PO phonon emission (even under the sharp resonance)
with the subsequent emission of either LA- or 2LA phonon.
Chapter 5
Edge state scattering
5.1 Introduction
The single particle energy spectrum in a 2DEG exposed to a homogeneous mag-
netic field normal to the electron plane is separated into the quasibulk Landau
and edge states. The edge states correspond to the classical skipping orbits. Their
location with respect to the boundary of the sample depends on the wave vector
k. When the k →∞, the edge state number l transforms into a quasibulk Landau
state (see Fig. 5.1). The confining potential in the plane of electrons removes the
degeneracy of the Landau levels so that, in contrast to the bulk Landau states, the
edge state energy exhibits a finite dispersion εl(k) with εl(k)→ εl = h¯ωB(l+1/2)
if k → ∞ (ωB is the cyclotron frequency). There exist edge states also in quan-
tum wires (QWs) in the magnetic field normal to the wires. If wire width L is
much greater than the magnetic length, L ≫ aB, (aB =
√
h¯/mcωB is the mag-
netic length, mc is the electron effective mass), then the backscattering between
edge states moving in opposite directions on the opposite sides of the wire is
strongly suppressed. So in sufficiently strong magnetic fields, the edge states in
the 2DEG and QW can be treated in the same way as one dimensional system
structures. Currently semiconductor nanostructures with such one dimensional
electron systems attract considerable interest both to study in them novel physi-
cal phenomena as well as for possible device applications such as QW lasers (see
review [26]).
To explain the quantum Hall effect (QHE) in high mobility samples with a
127
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Figure 5.1: A schematic diagram of the edge state energy spectrum. (a) Tran-
sitions 0 → 1 and 1 → 0 due to acoustic phonon emission are shown. At low
temperatures, states close to the 0k1 are important. (b) If the Fermi level is close
to the bulk Landau level, the transitions 0→ 1 involving states above the thresh-
old kc are only possible. At high temperatures, states disposed at the separations
of Te above and below εF are important.
2DEG of submicron dimensions, since shortly after its discovery [13], a new con-
cept based on the Bu¨ttiker-Landauer quantum edge state transport formalism
has been advanced [217, 218, 219, 220]. In this description the conducting prop-
erties of the 2DEG are determined by the edge states at the Fermi level, εF ,
which are propagated along the sample boundaries. Within the sample, elec-
trons occupy N quasibulk Landau levels below εF , but near the boundary of the
sample, the confining potential bent up these energy levels so that they rapidly
increase and intersect εF . Thus each quasibulk Landau level below εF gives rise
to a quasi-one dimensional transport edge channel at εF on either side of the
sample. If the 2DEG is coupled to two large electron reservoirs with applied
potential ∆µ and with ideal contacts, i.e., they transmit every electron without
reflection, then the edge states are equally populated and each edge channel car-
ries an equal fraction of the current on a given side of the sample. On opposite
sides of the sample, the current flows in opposite directions resulting in a total
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current I = N(2e/h)∆µ and a Hall voltage VH = ∆µ/e so that we have the QHE
with the Hall conductance GH = N(2e
2/h). Under these conditions GH does not
depend on the properties of the contacts and is determined by the number N of
the quasibulk Landau levels. Kent et al. in their recent experiment [221] have
obtained qualitative agreement with such theoretical description of the QHE.
On the other hand, electrons can be selectively injected into different edge
channels and selectively detected using non-ideal probes. As a result we can have
a non-equal population of the edge states and significant deviation from the nor-
mal integer QHE. In this case, as it has been theoretically shown by Bu¨ttiker
[217], GH depends on the properties of the current and voltage contacts and is
not related to the number of bulk Landau states below εF . While flowing along
an edge of samples, the current tends to redistribute so that an equal fraction
of the current is to be carried by each edge channel. Such a re-establishment
of the current equilibrium can be achieved via electron scattering processes by
phonons and impurities. If spatial separation between edge channels is not much
greater than the magnetic length then the equilibrium is expected to occur after
the current travels a distance of the order of the zero-field inelastic and elastic
scattering length, 10 µm. However, recently van Wees et al. [222] and Komiyama
et al. [223], involving high mobility 2DEG systems with non-ideal current probes
separated more than 200 µm from one another, have observed that a long dis-
tance in excess of 100 µm is necessary to equilibrate the populations between
different edge channels. It has been shown in these works that under the con-
ditions of strong magnetic fields and low temperatures, the quantization of the
Hall conductance is determined only by the number of the quantum edge channels
which are coupled to the non-ideal probes and is independent of the total num-
ber of the occupied quasibulk edge states. This effect, usually referred to as the
anomalous integer QHE, has also been revealed in a number of recent experiments
[224, 225, 223, 226, 227, 222, 228]. Data of these experiments, being analyzed
with the help of Landauer-Bu¨ttiker formalism, provide some information about
the inter-edge-relaxation that leads to the re-establishment of the equilibrium. In
the course of such analyses two important features were revealed which indicate
the importance of the analogous theoretical investigations. Firstly, the charac-
teristic scattering length Ll→l′ between states l and l′ exceeds significantly the
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transport scattering length obtained from zero-field mobility. It points out the
significant suppression of the scattering compared to the case of zero magnetic
field. Secondly, a strong temperature dependence of Ll→l′ was revealed [225, 227].
In their experiment Alphenaar et al. [229] have further clarified the long range
of non-equilibrium distribution of electrons. The carrier source contact has been
adjusted in such a way that the current has been injected into the sample from the
non-ideal current probe reservoir through only the lowest of edge channels. The
authors have studied in detail the dependence of the inter-edge-state equilibration
length on different pairs of edge states, on the magnetic field and filling factors.
The result indicates that the N − 1 outermost edge states equilibrate but these
states are decoupled from the innermost edge state. A clear understanding of
the reason for this effect has not been achieved yet. In principle, it is impossible
to do this in the framework of the theories with a parabolic confining potential.
Such potential has no flat domain corresponding to the interior of the sample.
Therefore, there are no quasibulk edge states and one cannot reveal properties
of the scattering which appear when the Fermi level is close to a bulk Landau
level. Thus, it is important to carry out calculations for the scattering length for
transitions between outermost and the innermost quasibulk edge states for an
arbitrary shape of the confining potential. The efficiency of such an interaction
is chiefly determined by the form of the edge state spectrum. As it follows from
the energy and momentum conservation laws, there are two threshold-like points
on the innermost quasibulk Landau level so that transitions from outermost to
innermost edge state after emission of acoustic phonons are restricted by the final
states between of these two points. As we can see below, these states, the velocity
of which is approximately equal to the sound velocity, play an important role in
the scattering processes.
Theoretically, inter-edge-state relaxation has been addressed in several works
[227, 230, 231, 232, 233]. Scattering by irregularities of the boundary is discussed
in Refs. [230, 231] and scattering by delta-function impurities and phonons in
[227, 232]. A two-phonon scattering mechanism has been suggested recently
[233]. Although significant progress has been achieved the problem still cannot
be considered as solved. Results of Refs. [230, 231] are difficult to compare with
experiment because little is known about the actual profile of the boundaries.
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The application of the delta-function impurity model to the GaAs/Ga1−xAlxAs
heterostructures which have been used in the experiments [222, 223, 224, 225, 226,
227, 228, 229] is somewhat questionable since it is known (cf., e.g., Refs. [234,
208, 235]) that in these systems at least zero-field scattering is determined by the
long-range potential fluctuations due to the remote ionized donors.
One of the aims of the present chapter is to calculate the inter-edge-state
scattering length due to phonons and impurities under more general assumptions
than used previously, for realistic models of the electron-phonon and electron-
impurity interaction and for a realistic confining potential.
In contrast to the above conventional transport measurement experiments, in
this chapter we study the inter-edge-state relaxation also in the phonon emission
experimental technique. The phonon emission or absorption experiments (see
review papers [174, 175] measure directly the total energy flux from the 2DEG
interacting with different phonon modes and, in some cases, are more powerful
tools to investigate the electron-phonon interaction in the 2DEG systems. The
basic difference between the conventional energy-loss experiments and the phonon
emission experiments is that in the latter case, the phonon signal is measured in
the certain phonon emission angle and at the fixed excitation energy. Therefore,
to have a knowledge of the frequency and angular distributions of the emitted
phonon field is very important for the detection of the phonon signal. These dis-
tributions are determined both by the energy and momentum conservation laws
during a scattering act. At inter-Landau-state transitions, the phonon emission
energy is fixed by the cyclotron energy, therefore the angular dependence of the
emitted phonons remains as the sole important characteristic of emission in this
case.
Till recently theoretical investigations of the phonon emission in the 2DEG
under the quantizing magnetic field have been limited only to the considerations
of the bulk Landau states which have been the main subject of the previous
chapter. However, equally with the bulk Landau states, the quantum edge states
also give contribution to the emission and absorption of ballistic phonons by the
2DEG. In the recent experiment [221], the absorption of nonequilibrium phonon
pulses has been already used to investigate a backscattering of electrons between
edge states on opposite sides of the sample. Possibly, absorption of ballistic
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acoustic phonons by edge states play an important role in the phonon-drag effect
in the QHE regime observed in experiments [236, 237]. The frequency spectrum
and angular distribution of the total energy-loss rate due to LA phonon emission
have been obtained in a QW [238].
Electron-optical phonon interaction in a polar semiconductor controls such
phenomena as the cooling of photoexcited hot carriers on the picosecond time
scale as well as transport and optical properties at relatively high temperatures.
To date, however, this aspect of electron-phonon scattering remains the least
investigated when either the 2DEG or QW subjected to the quantizing mag-
netic field. The polar optical PO phonon assisted edge state relaxation in the
2DEG has not been given. Recent studies have been reported for cylindrical
QWs where the axial magnetic field effect on the electron-PO phonon interac-
tion has been discussed [239]. In rectangular QWs, scattering processes involving
only one transverse subband have been considered [240] using the delta-function
approximation for electron wave functions along the magnetic field [?].
The second goal of present chapter is to calculate the ballistic acoustic (both
deformation and piezoelectric interaction) and polar optical phonon emission by
quantum edge states.
This chapter is organized as follows. First in Sec. 5.2 we consider the inter
edge state relaxation due to electron-phonon and electron impurity interactions.
Results of this section have been reported in [51, 52]. Then in Secs. 5.3 and 5.4 we
discuss emission of acoustic and optic phonons by quantum edge states [54, 53].
Sect. 5.2.1 is devoted to the impurity scattering. We use the standard model
of the heterostructures [6, 241] which takes into account long-range potential fluc-
tuations due to the layer of ionized donors as well as short-range fluctuations due
to the uniformly distributed acceptors. Analytical expressions for the scattering
length are derived for an arbitrary confining potential. In Sect. 5.2.2 phonon
scattering is discussed. We consider deformation acoustic (DA) and piezoelec-
tric (PA) interactions and again derive analytical expressions for an arbitrary
confining potential. As follows from energy and momentum conservation, only
phonons with frequencies above some threshold can participate in the transitions
between edge states. As a result, phonon scattering is exponentially suppressed
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at low temperatures. According to our numerical evaluations, the observed tem-
perature dependence of the scattering length cannot be attributed to phonon
scattering.
The impurity-assisted phonon scattering suggested by Y B Levinson and D
L Maslov [52] is discussed in Sect. 5.2.3. The difficulty with the exponential
suppression of the scattering does not exist in this mechanism, since the impu-
rity takes up the momentum and thermal phonons are able to participate in the
process. Thus, one can expect a significant enhancement of the scattering. Ac-
tually, it is found that impurity-assisted phonon scattering can dominate over
ordinary phonon scattering only at very low temperatures (in the hundred mK
range). The temperature dependence associated with this kind of scattering is
non-exponential: the scattering rate goes like T 2 below some crossover point and
after that like T . A similar temperature dependence has been observed recently
in the hundred mK range [225]. In Sect. 5.2.4 it is found that the experimental
temperature dependence of the scattering can be explained solely by the ther-
mal averaging of the long-range impurity scattering rate while short-range and
phonon scattering play a minor role.
In the Sec. 5.3.1 an analytic expression for the ballistic acoustic energy flux
emitted by quantum edge states is derived. Detailed analysis of the phonon
emission intensity distribution is made in the low and high regimes of electron
temperature Te as well as different positions of the Fermi level εF are considered
in Sec. 5.3.2. It is shown that at low temperatures the phonon emission is pre-
dominantly concentrated within a narrow cone around the direction of the edge
state propagation while at high temperatures − around the magnetic field nor-
mal to the electron plane. The emission intensity decreases when the Fermi level
falls down. This diminution is exponential at low temperatures. In Sec. 5.3.3
phonon emission due to the piezoelectric interaction is discussed. In contrast
to the case of bulk Landau states where piezoelectric interaction is always sup-
pressed in comparison with deformation interaction, in the edge state case, the
relative contributions of the piezoelectric and deformation interactions depend
on the magnetic field. The angular distribution of emitted phonons is presented
in Sec. 5.3.4.
In Sec. 5.4 the LO-phonon assisted edge state relaxation is investigated in
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QWs with rectangular cross sections exposed to the normal magnetic field. The
energy and momentum relaxation rates for a test electron and electron temper-
ature are calculated. Detailed result are given for the intrasubband and inter-
subband scattering rates as a function of the initial electron energy and of the
magnetic field. By considering different limiting cases of the ratio of the cyclotron
frequency to the strength of the lateral confinement, it is obtained results for the
edge state relaxation both in the 2DEG and QW as well as for the magnetic field
free case.
5.2 Inter-edge-state relaxation
5.2.1 Impurity scattering
Consider a 2DEG in a uniform perpendicular magnetic field B. Let the z-axis be
parallel to the magnetic field and the x-axis be parallel to the sample boundary.
Positive values of y-coordinate correspond to the interior of the sample. In the
following we assume that the edge-states are spin-degenerate.
The wave function and the spectrum of the edge state is
Ψnlk(r) = exp(ikx)χlk(y)ψn(z) εnl(k) = εl(k) + εn. (5.1)
Here εl(k) and χlk are the energy and wave function of the quantum edge state
in the plane of electrons specified by the Landau index l and momentum k (Fig.
5.1). The energy and wave function of the spatial quantazation of the 2DEG are
εn and ψn.
In the Born approximation one can calculate the elastic scattering length for
transition l → l′ according to this formula
1
Ll→l′ =
1
h¯2vlvl′
∫
dpy
2π
|Qll′ |2 < UU >p, (5.2)
where < UU >p is the 2D Fourier component of the scattering potential correla-
tion function taken at the 2DEG plane, p = (px, py), vl is the group velocity of
the edge state l and the form factor
Qll′(py, k, k
′) =
∫
dyχl′k′(y)e
−ipyyχlk(y) (5.3)
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In (5.2) one should put px = δkll′ = |kl(ε)− kl′(ε)| with ε being the energy of the
initial state. Here the velocities v and functions χ for states l and l′ correspond
to the energy ε. Note that Ll→l′ = Ll′→l.
We assume that the ionized donors are situated in a narrow layer separated
from the 2DEG plane by the undoped spacer of the thickness z0. Due to the
electroneutrality the density of donors (per cm−2) equals Ns + Nd, where Ns is
the density of the 2DEG and Nd is the density of the depletion charge layer on
the GaAs side, the latter is assumed to be uniformly doped by the acceptors with
the net density ( per cm3) NAC . Then the correlation function < UU >q can be
written in the form [6, 241]
< UU >p=
(
2πe2
ǫǫs(p)p
)2
[(Ns +Nd) exp(−2pz0) + 1
2p
NAC ], (5.4)
where ǫ is the lattice dielectric constant taken to be the same for GaAs and
GaAlAs, ǫs(p) = 1+ qs/p is the dielectric function of the 2DEG, qs is the screen-
ing parameter. To determine qs in a quantizing magnetic field constitutes a
special problem, and we will discuss it later (Sect. 5.2.4). The first term in (5.4)
corresponds to the long-range part of the scattering, while the second does to the
short-range part.
For the long-range scattering one can proceed further assuming that δkll′z0 ≫
1. In this case only small values of py ≃ (δkll′/z0)1/2 contribute to the integral
(5.2). Using this simplification one can calculate the scattering length due to the
long-range potential
1
LLl→l′
=
1
L¯L exp(−2δkll
′z0)A
2
ll′ , (5.5)
where All′ = Qll′(0) and the nominal scattering length is defined as
1
L¯L = 2π
3/2
[
2πe2
h¯ǫ(vlvl′)1/2
]2
(Ns +Nd)
1
(δkll′ + qs)2
(
δkll′
z0
)1/2
. (5.6)
Note that due to the small factor exp(−2δkll′z0) in (5.5), scattering can be
strongly suppressed compared to the case of zero magnetic field. It can happen
even in the case when the spatial separation between edge channels δyll′ = a
2
Bδkll′,
where aB is the magnetic length, is not large compared to aB. For the short-
range scattering Eq. (5.2) cannot be reduced to a more simple form without any
assumption on the confining potential.
CHAPTER 5. EDGE STATE SCATTERING 136
Now we consider the case of the smooth potential V (y), with V ′(y)aB ≪ h¯ωB.
In this case
χlk(y) = Φl(y − ka2B), (5.7)
εlk = εl + V (ka
2
B),
where Φl is the harmonic oscillator wave function. In the smooth potential the
overlap integral (5.3) can be calculated explicitly. Using (5.7) we have
A2ll′ = (2
l+l′l!l′!)−1σ2l+2l
′
exp(−σ2/2), (5.8)
where σ = (δyll′/aB)
2 ≫ 1. The short-range scattering length LSl→l′ becomes
1
LSl→l′
= (2π)−1/2
[
2πe2
h¯ǫ(vlvl′)1/2
]2
NAC
aBδkll′(δkll′ + qs)2
A2ll′. (5.9)
The group velocity in the smooth potential is
vlk = a
2
BV
′(ka2B). (5.10)
It follows from (5.8) that in the smooth potential the dominant transitions are
l → l + 1.
The inverse scattering lengths (5.5), (5.9) are to be averaged near the Fermi
energy 〈
1
Ll→n′
〉
=
∫
dε
(
−∂f0
∂ε
)
1
Ll→n′(ε) . (5.11)
where f0 is the equilibrium Fermi distribution. Averaging (5.11) plays a minor
role for the impurity scattering of free electrons when T ≪ εF and reduces usually
to the substitution ε = εF in scattering lengths. However, for inter-edge-state
relaxation, the averaging (5.11) results in a pronounced temperature dependence
appearing in a comparatively low temperature range. This can be seen from the
following arguments. When integrating in (5.11), each value of ε corresponds to
some value of δkll′(ε) entering scattering lengths (5.5), (5.9). The gap between
any two branches of the spectrum corresponding to different Landau levels, say
εlk and εl′k decreases as k → ∞. This means that δkll′(ε) decreases with ε
(cf. Fig. 5.1). Therefore, the main contribution to (5.11) stems from ε ≃ εF +
T or δkll′(ε) = δkll′(εF ) + δh¯v
−1
ll′ T where δvll′
−1 = |v−1l − v−1l′ |. Due to the
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exponential factors in (5.5) and (5.9), corrections to δkll′ can become significant
even if δh¯vll′
−1T ≪ δkll′(εF ).
If the confining potential is smooth, the temperature dependence is deter-
mined mainly by the δyll′ dependence of the overlap integral (5.8). The onset
temperature is
T1 ≃ h¯δvll
′
a2Bδkll′(εF )
. (5.12)
For smooth potentials T1 ≪ h¯ωB, while in the typical experimental conditions
h¯ωB ≃ εF . However, even if V (y) is not smooth, the long-range scattering length
(5.5) can strongly depend on T due to the exponential factor containing thickness
of the spacer z0. The onset temperature for this kind of dependence is
T2 =
h¯δvll′
z0
. (5.13)
Again, if the impurity potential is smooth, i.e. z0 ≫ aB, then T2 ≪ h¯ωB. Results
of the numerical calculation of (5.11) will be given in Sect. 5.2.4.
To learn what is the dominant mechanism of impurity scattering,, it is suffi-
cient to put all of the characteristic lengths entering the pre-exponential factors
in (5.5) and (5.9) to be the same: aB = z0 = k
−1
F = q
−1
s ≡ k¯−1 and Nd = Ns = k¯2.
Comparing (5.5) and (5.9) one can see that the long-range scattering dominates,
if the thickness of the spacer z0 is less than
z∗0 =
1
2δkll′
ln
k¯3
NAC
. (5.14)
For instance, taking kll′ = 1.5/aB at B = 2 T, k¯
−1 = 10 nm and NAC = 1014
cm−2 we get z∗0 ≈ 60 nm.
5.2.2 Acoustic phonon scattering
The scattering length due to phonon scattering is
1
Ll→l′ =
2π
h¯vl
∑
k′
∑
q
[|M+qlk→l′k′|2δ(εlk − εl′k′ − h¯ωq)(Nq + 1)(1− f0(εl′k′)) + (5.15)
|M−qlk→l′k′|2δ(εlk − εl′k′ + h¯ωq)Nq(1− f0(εl′k′))],
where q is the phonon wavevector, ωq = sq, with s being the sound velocity, Nq
and f0(ε) are the equilibrium Bose and Fermi distributions, respectively.
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The emission matrix element M+qlk→l′k′ is calculated with the phonon pertur-
bation potential [136]
W+(r) = B(q)e−iqr, (5.16)
where for the deformation potential scattering (DA), BDA is given by Eq. (??)
while for the piezoacoustic scattering (PA)
BPA(q) = eβ
(
h¯
2ρωqL3
)1/2
. (5.17)
Here L3 is the normalization volume, β is an effective piezoelectric modulus, ρ is
the crystal mass density. For absorption processes W− = (W+)∗.
Since s≪ vl, vl′, the scattering is quasielastic, i.e., the energy of the emitted
or absorbed phonons h¯ωq ≪ h¯ωB. Hence, in the transition l → l′ (cf. Fig. 5.1)
the change of k is δkll′. The minimal energy of the phonon is ∆ll′ = h¯sδkll′. In
the following we consider low temperatures T ≪ ∆ll′ . In this case, due to the
phonon Bose factor and the Pauli exclusion principle, the phonon energy h¯ωq is
close to the threshold ∆ll′. As a result the calculations of the scattering length
is greatly simplified. In the Born approximation we get for DA scattering
1
Ll→n′ =
Ξ2
2πh¯ρs2
A2ll′
δk2ll′
h¯vlvl′
TF
(
ε− εF
T
,
∆ll′
T
)
, (5.18)
where
F (ξ, η) = (1/2)[ln(1 + exp(ξ − η) + exp(ξ) ln(1 + exp(−ξη)] (5.19)
The velocity vl′ and function χl′ of the final state correspond to the energy of
this state ε = ε′. Equation (5.18) is valid if exp(ε− εF −∆ll′/T )≪ exp(∆ll′/T )
or, in other words, if |ε− εF | < ∆ll′ and if ε− εF −∆ll′ ≪ ∆ll′. In the first case
h¯ω − ∆ll′ ≃ T , while in the second case h¯ω − ∆ll′ ≃ ε − εF − ∆ll′. It has been
also assumed that T ≫ ms2 and ∆ll′ ≪ h¯s/d, where d is the scale of the electron
wave function ψ(z). For GaAs/AlGaAs heterostructure d = 3 nm, s = 5 × 103
m s−1, ms2 = 0.1 K and h¯s/d = 13 K. Taking δkll′ = a−1B , we have for B = 2 T:
aB = 18 nm, ∆ll′ = 2 K and h¯ωB = 39 K. The inverse scattering length (5.18)
is to be averaged near Fermi energy according to (5.11). Since the function F
grows exponentially with ε − εF for ε − εF > 0, the average value is rather due
to hot electrons (ε − εF ≃ ∆ll′ ≫ T ) than to thermal ones (ε − εF ≃ T ). Until
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∆ll′ ≪ h¯ωB, one can put ε = εF . With the above mentioned assumptions for DA
scattering we get
〈
1
Ll→n′
〉
DA
=
1
LDAA
2
ll′(δkll′aB)
3 s
2
vlvl′
exp
(
−∆ll′
T
)
. (5.20)
For piezoelectric PA scattering calculations are similar:
〈
1
Ll→n′
〉
PA
=
1
LPAA
2
ll′(δkll′aB)
s2
vlvl′
exp
(
−∆ll′
T
)
. (5.21)
Here we defined nominal scattering lengths
1
L¯DA =
Ξ2
4πh¯ρs3a3B
, (5.22)
1
L¯PA =
(eβ)2
4πh¯ρs3aB
. (5.23)
For GaAs at B = 2 T we have (τ¯DA)B = 800 ps and (τ¯PA)B = 75 ps (Ξ
2 and
β2 taken from Ref. [136]). The exponential suppression of the scattering rate is
because of the deficit of the superthermal phonons for absorption and deficit of
the free final states below εF for emission.
To consider the case of the smooth potential one has to substitute Eq. (5.8) for
All′ into (5.20) and (5.21). Comparing (5.20) or (5.21) with Eq. (7) in Ref. [232]
one can see that the corresponding equations agree only in the exponential factors
from the overlap integral and from the deficit of the final states.
The results presented above are valid provided that the chemical potential
difference |∆µ| between edge levels is small compared to temperature. If this
condition is not satisfied, then Eqs. (5.20) and (5.21) should be multiplied by the
additional factor exp(|µ|/T ) [233].
5.2.3 Impurity-assisted phonon scattering
According to Eqs. (5.20) and (5.21), phonon scattering is strongly suppressed at
T ≪ ∆ll′ due to the exponential factors. The origin of the threshold ∆ll′ entering
this factors is momentum conservation. If one considers a three-body collision,
namely, impurity-assisted phonon scattering, the momentum δkll′ is taken up by
the impurity, and no exponential suppression of the scattering appears.
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The matrix element of the impurity-assisted transition of the electron from
state (n.k) to the state (l′, k′) accompanied by the emission of a phonon with
momentum q can be written in the form
M+qlk→l′k′ =
∑
l′′k′′
< l′k′q|U |l′′k′′q >< l′′k′′q|W |nk >
εlk − εl′′k′′ − h¯ωq + iγ + (5.24)
+
< l′k′q|W |l′′k′′ >< l′′k′′|U |nk >
εlk − εl′′k′′ + iγ
where 1/2γ is the decay time of the intermediate state (l′′, k′′) due to all pos-
sible scattering processes. The absorption matrix element M−qlk→l′k′ is obtained
in a similar way. The calculations in (5.24) are greatly simplified by using the
arguments given below.
Although the summation in (5.24) is presumed to be over all intermediate
values of l′′, the main contribution to (5.24) comes from the transition l = l′′
corresponding to the smallest value of the denominator. In the first term of
(5.24) k′′ = k − qx, in the second k′′ = k + qx, thus, in general, the impurity
first-order matrix elements < ...|U |... > entering (5.24) depends on qx. But, if
qx is small enough, one can neglect it in < ...|U |... >. The condition for this
simplification is different for short- and long-range impurity potentials. For the
former case this condition is
qx ≪ δkll′, (5.25)
while for the latter
qxz0 ≪ 1. (5.26)
If
max{qxaB, kqxa2B} ≪ 1 (5.27)
and
qyaB ≪ 1 (5.28)
one can put the overlap integrals (5.3) stemming from the first-order phonon
matrix elements to be equal to unity. When substituting (5.24) into (5.15), it
is convenient to express < ...|U |... > through the first-order impurity scattering
length Lil→l′ calculated in Sect. 5.2.1 (cf. Eq. (5.2)). This can be done by using
the relation
1
Lil→l′
=
L
h¯2vlvl′
| < l′k′|U |lk >2 . (5.29)
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Using (5.16) and (??), we have for DA phonon scattering after some manipula-
tions
1
Ll → l′ =
1
2(2π)3
1
Lil→l′
Ξ2
h¯ρs
∫
d3qq|a++ a−|2[(Nq +1)(1− f0(ε− h¯ωq)) + (5.30)
+Nq(1− f0(ε+ h¯ωq))],
where a+ = (vlqx − sq + iγ)−1 and a− = (qs− vl′qx + iγ)−1. Eq. (5.30) includes
contributions from two types of transitions: from real and from virtual ones
[136]. For real transitions the energy conservation takes place: εl′′k′′ = εlk. These
transitions can be imagined as proceeding through the successive scatterings −
first, by impurities and, second, by phonons or vice versa − and are not of interest
here. The contribution of the real transitions to (5.30) comes from the terms
|a±|2 which reduce to the δ-functions reflecting energy conservation at γ → +0.
Hence, these terms should be omitted. The true second-order transitions proceed
through the virtual states with εl′′k′′ 6= εlk. Virtual transitions are related to the
terms a+(a−)∗ + c.c.. The principal value of the integral over dΩq is
J = v.p.
∫
dΩq
(
a+(a−)∗ + c.c.
)
=
4π
vlvl′q2
1
x− x′ ln
(
1− x
1 + x
1 + x′
1− x′
)
, (5.31)
where x = s/vl, x
′ = s/vl′. As in the Sect. 5.2.2, we assume that s ≪ vl, vl′.
Then (5.31) reduces to J = 8π/(vlvl′q
2). Finally, substituting (5.31) into (5.30)
and integrating over dq, we have
1
Ll→l′ =
1
LiDA
s2
vlvl′
Φ
(
ε− εF
T
)
, (5.32)
where
1
LiDA
=
1
Lil→l′
π2Ξ2
h¯3ρs3
T 2
h¯2s2
(5.33)
and
Φ(x) =
∫ ∞
0
dyy ((N(y) + 1)(1− f0(y − x)) +N(y)(1− f0(y + x))) . (5.34)
To make the conditions (5.26)-(5.28) more explicit we assume that the con-
fining potential is not smooth, i.e. δk ≃ a−1B , k ≃ a−1B and vl ≃ vl′. One can
see that the main contribution to (5.32) comes from q ≃ qy ≃ qz ≃ qT ≡ T/h¯s
and qx ≈ qT s/vl. Then, instead of (5.26)-(5.28), we have T ≪ h¯s/aB, if the
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short-range impurity scattering dominates, and T ≪ min{h¯s/aB, h¯vl/z0}, if the
long-range one does.
For PA scattering the calculations proceed in a quite similar way up to the
integration over dq. At this point we faced the problem: if BPA(q) is taken in
the form (5.17), the integral over dq diverges at q → 0 as ∫ dq/q2. Since PA
interaction is interaction of an electron with the electrostatic potential induced
by the phonon waves, the divergence at q → 0 means that the screening of
this interaction by free electrons has not been taken into account. In our case
the screening problem is somewhat specific, since we must take into account
the screening of three-dimensional phonons by two-dimensional electrons. The
solution of this problem is given in the Appendix ??. The result is quite obvious:
BPA(q) entering (5.16) and given by (5.17) should be replaced by BPA(q)/ǫs(q||)
where q|| is the component of the phonon vector parallel to the 2DEG plane. The
remaining calculations are straightforward. Explicit results can be obtained in
two limiting cases: qT ≪ qs or qT ≫ qs. In the former case
1
Ll→l′ =
1
4π2
1
LPA
(
T
h¯sqs
)2
s2
vlvl′
Φ
(
ε− εF
T
)
. (5.35)
In the latter
1
Ll→l′ =
2
π3
1
LiPA
T
h¯sqs
, (5.36)
where
1
LiPA
=
1
Lil→l′
(eβ)2
h¯ρs3
. (5.37)
Averaging of the inverse scattering lengths (5.32) and (5.35) according to Eq. (5.11)
reduces to the averaging of function Φ(x). Numerical calculation gives 〈Φ〉 ≈ 5.2.
5.2.4 Discussion
As far as we are aware, the temperature dependence of the inter-edge-state relax-
ation rate has been measured only in three works [229, 225, 227]. Measurements
in Ref. [229] were carried out only at two values of temperature. High magnetic
fields and low temperatures were used in Ref. [225] and, as a result, spin-splitting
of the edge states was observed. Thus, results of Ref. [225] cannot be com-
pared directly to the present theory because we assume that the edge states are
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spin-degenerate. Fortunately, the experimental conditions of Ref. [227], lower
magnetic fields, higher temperatures, and the Fermi level lying far away from the
adjacent Landau levels, allow us to make such a comparison. To obtain some nu-
merical evaluations using the results of Secs. 5.2.1- 5.2.3 one needs to choose the
confining potential V (y) in some specific form. Ab initio calculation of V (y) con-
stitutes a very complicated problem and is beyond the framework of the present
work. We take V (y) in the model form
V (y) = V0exp
(
− y
a0
)
(5.38)
where V0 and a0 are free parameters to be determined from the fit to the experi-
mental data. To make our heterostructure model consistent with the experimen-
tal value of the zero-field mobility we found it necessary to consider the spacer
thickness z0 as free parameter also.
Another subtle question is the choice of the screening parameter qs entering
the expressions for impurity scattering length (5.5) and (5.9) and for impurity-
assisted phonon scattering length (5.35) and (5.36). For impurity-assisted phonon
scattering we assume that qT ≪ a−1B . If the confining potential is not smooth,
the edge states are located at the distance y¯ ≃ aB near the sample boundary.
For typical experimental conditions, the width of the sample channel is much
larger than y¯. This means that the screening of the electron-phonon interaction
potential is provided rather by the wide domain of bulk electrons filling the
Landau levels than by the narrow strips of width y¯ where the electrons filling the
edge states are situated. Thus, to learn what is qs entering Eqs. (5.35) and (5.36)
one can consider the infinite 2DEG in a quantizing magnetic field. The screening
problem for these conditions is very complicated and is not well understood. It
is known [6, 242] that in a quantizing magnetic field the usual Thomas-Fermi
expression connecting qs with the density of states (DOS) at the Fermi level νF
holds
qs =
2πe2
ǫ
νF , (5.39)
but νF differs from the DOS for zero-field case ν
0
F . At T = 0 and in the ab-
sence of any scattering, νF is a sum of δ-functions centered at Landau levels. If
a short-range scattering is taken into account, then each δ-function is smoothed
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and becomes Gaussian-shaped [6, 242]. In this case νF is extremely small com-
pared with ν0F unless the Fermi level is very close to one of the adjacent Landau
levels. As a result, for short-range scattering, screening is very weak. How-
ever, as was shown in a number of experimental works [243, 244, 245, 246], the
observed behavior νF has no relation to the theory that assumes short-range scat-
tering. For GaAs/GaAlAs heterostructures the value of νF in the center of the
gap between two Landau levels where DOS has its minimum was found to be
(0.1− 0.2)× ν0F [243, 244, 245]. Such high values of DOS unequivocally point at
the long-range character of the scattering, as was confirmed also by independent
experiments on the determination of the quantum decay lifetime and its compar-
ison with the transport time entering the mobility [208, 235]. Unfortunately, no
quantitative theory for DOS under the long-range scattering conditions exists at
present. This is why to estimate roughly qs entering (5.35) and (5.36) we use the
above-mentioned experimental values of νF in (5.39).
For impurity scattering the momentum transfer is δkll′. If the potential is not
smooth, δk−1ll′ ≃ aB ≃ y¯. Thus, the screening of electron-impurity interaction is
provided by the same electrons that fill the edge states. The proper accounting
of the screening in this situation constitutes a very complicated problem We do
not know the solution of this problem. Nevertheless, one can assume that the
screening properties of edge states do not differ drastically from those of the
2DEG without the magnetic field. This assumption is based on the fact that the
specific features of the screening by Landau electrons are caused by the gaps in
the DOS, while the DOS of edge states is gapless. Thus, to estimate roughly qs
entering Eqs. (5.5) and (5.9) we use ν0F in instead of νF in (5.39).
According to the results of numerical calculations, the main contribution to
the total inverse scattering lengths due to phonons (Eqs. (5.20) and (5.21)) and
impurities (Eqs. (5.5)and (5.9) averaged according to Eq. (5.11)) is given by
the long-range impurity scattering. The scattering rates due to the short-range
impurities and both the DA and PA phonons underestimate the experimental
data, taken from Ref. [227] and corresponding to the transition 0 → 1 at B =
3.7 T, by at least a factor of 50. According to calculations by Komiyama et
al. [227], phonon scattering dominates while impurity scattering plays a minor
role. Thus, using a more realistic model than the delta-function impurity model
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used in Ref. [227] leads to different conclusions. One can note also that the DA
phonon scattering length estimated in Ref. [232] is much shorter than ours. The
reason of the difference is mainly attributed to the another choice of the electron-
phonon interaction constant. The constant used in Ref. [232] is not related to
the deformation potential constant Ξ.
The contribution of the impurity-assisted phonon scattering essentially de-
pends on temperature. The impurity-assisted phonon scattering lengths (5.32),
(5.35) and (5.36) do not contain the small exponential factors that the first-
order scattering lengths (5.20) and (5.21) do, since only thermal phonons are
involved in the process. However, there are two other reasons that do not al-
low the impurity-assisted phonon scattering rate to be very high. Firstly, it is
a second-order process: the scattering rate is proportional to the product of the
electron-impurity and of the electron-phonon interaction constants. Secondly,
the phase volume of the thermal phonons is lower than the phase volume of the
superthermal phonons involved in the first-order scattering. As a result, gaining
in the exponent we yield the smaller pre-factors than before. The impurity-
assisted phonon scattering rate exceeds the first-order one if the temperature is
low enough, so that the exponential factors in (5.20), (5.21) become very small.
Using the list of parameters corresponding to the experiment [227] and taking
νF = 0.1ν
0
F to estimate the screening parameter entering Eqs. (5.35) and (5.36),
one can see that the impurity-assisted scattering is stronger than the first-order
phonon scattering if T <∼TDA ≈ 0.4 K for DA interaction and at T <∼TPA ≈ 0.5 K
for PA interaction, while the measurements in Ref. [227] were carried out at signif-
icantly higher temperatures (T = 1.5−12 K). Since, according to the calculations,
even the DA and PA scattering is much weaker than the impurity scattering at
these temperatures we did not consider the impurity-assisted phonon scatter-
ing when comparing to the results of Ref. [227]. However, at lower temperatures:
T < min(T1, T2, TDA, TPA), where T1 and T2 are defined by Eqs. (5.12) and (5.13)
respectively, the impurity-assisted phonon scattering can dominate. The temper-
ature dependence similar to that given by Eqs. (5.32)-(5.36) has been observed
recently in Ref. [225], although one must bear in mind that present theory cannot
be applied directly to this experiment (cf. beginning of the present section).
The strong suppression of the inter-edge-state relaxation scattering compared
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to the zero-field case was observed in the majority of the experiments . For
example, in Ref. [227] the zero-field transport scattering length is 4.3 µm while at
T = 1.5 K the inter-edge-relaxation length is 500 µm. Usually this suppression
is attributed to the smoothness of the confining potential and, consequently,
to the exponential smallness of the overlap integrals. On the other hand, the
potential (5.38) with the parameter values given above cannot be considered as
being smooth, but we also have strong suppression of the scattering. According
to our calculations, the suppression is caused mainly by the exponential smallness
of the correlation function (5.4) and not by the smallness of the overlap integrals.
As has been shown in Refs. [247], V (y) decreases as 1/y at y >> ad, where ad is
the width of the depletion region.
In order to avoid the contradiction with Refs. [247] we have to assume that
Eq. (5.38) is referred to the intermediate region where the confining potential
changes drastically whereas long-decaying tail of V (y) is described by asymptotic
law obtained in Refs. [247]. However, as follows from the comparison with the
experiment, edge channels are situated in the intermediate region where presence
of the long-decaying tail is of minor importance. Notice that recent study of the
inter edge relaxation due to the multiple impurity scattering by Martin and Feng
[248] similarly shows that the impurity assisted scattering gives rise to the linear
temperature dependence.
5.3 Phonon Emission by Quantum Edge States
5.3.1 Acoustic energy flux: Deformation Potential
When the 2DEG is embedded in an elastic medium and the phonon displacement
is caused by the deformation electron-phonon interaction then the spectral density
of the acoustic energy flux Pα in a point r0 and at a frequency ω is given by
Eq. (4.22). To obtain Pα explicitly it is necessary to calculate the correlator of the
phonon field operators Kαβ(r, r
′) =< u∗α(r)uβ(r
′) >ω which can be represented in
the form (4.28). If do not take into account the phonon reflection from interfaces
separating different materials then it follows from Eq. (4.34) that the following
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function should be used as a kernel of the correlator (4.28):
D∗α(r0, r1 | ω)Dα(r0, r2 | ω) =
ω2
16π2r20ρ
2s6
exp[−iq(r2 − r1)] (5.40)
where ρ is the mass density of the elastic medium, s and q = nω/s are the
velocity and momentum of LA-phonons. It is clear from experimental situation
that the acoustic energy flux emitted from the 2DEG located near one side of the
sample is detected in an infinitely distant point on the reverse side of the sample.
Therefore, in obtaining the kernel (5.40) we have assumed r0 → n∞, n is an
unit vector towards the detector. This kernel is averaged in (4.28) by electron
wave functions. In this case ε and Ψ represent, respectively, the electron energy
and wave function for edge states. We assume that all electrons occupy a single
level n of the spatial quantization and the electron transitions take place between
edge states with different Landau index l and momentum k. Substituting Eqs.
(5.1) and (5.40) into Eq. (4.28) we obtain the acoustic energy flux density in a
frequency range dω emitted from an unit length (towards x) of the 2DEG into a
solid angle do around the direction of n
PDAl→l′(q) =
Ξ2ω4
8π3ρs5δvll′
f(εl(k0))(1− f(εl′(k0 + qx)))|Qll′(qx, qy)|2|I00(qz)|2 (5.41)
where the form factors in directions y and z are
Qll′(qx, qy) =
∫
dyχlk0(y)e
−iqyyχl′k0+qx(y) (5.42)
and
Inn(qz) =
∫
dz|ψn(z)|2e−iqzz (5.43)
Notice that the confining potential in the plane of the 2DEG violate the axial
symmetry of the magnetic field so that the form factor (5.42) depends on the
momenta qx and qy apart. In Eq. (5.41) δvll′ = |vl(k0)− vl′(k0 + qx)|, vl(k) is the
group velocity of the edge state l with the momentum k, k0 = k0(q) is determined
from the energy and momentum (in the x-direction) conservation laws, i.e. from
the following equation
εl(k)− εl′(k + qx) = ω = s
√
q2x + q
2
y + q
2
z . (5.44)
Actually, despite lack of the momentum conservation in y- and z-directions, the
phonon momentum q uniquely determines the initial l, k0(q) and final l
′, k0(q)+qx
CHAPTER 5. EDGE STATE SCATTERING 148
edge states in an act of the phonon emission. Thus, equation (5.41) gives the
distribution of the emission intensity in phonon momenta.
5.3.2 Low and High Temperature Regimes
In this section we will discuss the situation in low and high temperature regimes in
which the emission is qualitatively different. From Eq. (5.44) one can see that for
a given k, qx cannot be less than some value δkll′(k) determined from Eq. (5.44) at
qy = qz = 0. Hence, only phonons with frequencies ω ≥ sδkll′(k) can be emitted
from the edge state l, k. On the other hand, the effectiveness of each emission act
depends on the position of the Fermi level and electron temperature. Due to the
deficit of the hot electrons with energies above εl(k1) = εF + sδkll′(k1) and deficit
of the free final states with energies below εl′(k2 + sδkll′(k2)) = εF − sδkll′(k2),
emission acts from states l, k with k between k1 and k2 are comparatively more
efficient (see Fig. (5.1)(a)). The energy spectrum of the edge states is arranged
so that for a fixed energy level we always have vl > vl′ if l < l
′. Therefore δkll′(k)
achieves its minimum δk¯ll′ = δkll′(k1) at upper edge of the interval (k1, k2) . Thus
from the Fermi factors as well as form factors (5.42) and (5.43) we have following
obvious restrictions on the emission processes:
|qx − δk¯ll′| ≤ Te/s, |qy| ≤ min{a−1B , Te/s}, |qz| ≤ min{d−1, Te/s}, (5.45)
where aB is the magnetic length, d is the characteristic length of electron motion
in z-direction. (So far as the electron transitions take place between edge states
of one spatial quantization, d is the minimum length scale of the problem). Here
qx is not a free parameter but it should firstly satisfy the momentum conservation
in the x-direction.
At low temperatures, Te ≪ sδk¯ll′ , we have qx ≈ δk¯ll′, qz ∼ Te/s. If the
confining potential is not smooth, δk¯ll′ ∼ aB ≫ Te/s, so that qy ∼ Te/s and
qx ≫ qy. In the case of the smooth potential δk¯ll′ ≫ a−1B so that Te/s and a−1B
can be of the same order of magnitude. But in any case, the relation qx ≫ qy
remains true. Thus at low temperatures qx ≫ qy, qz, i.e. phonons are mainly
emitted in x-direction. Therefore one can substitute qx = δk¯ll′ and qy = qz = 0
in the prefactor of (5.41) and form factors (5.42), (5.43). Taking into account
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that Inn(0) = 1, one can find for the acoustic energy flux distribution in the
momentum space
PDAl→l′(q) =
Ξ2δk¯ll′
4
8π3ρsδv¯ll′
Q2ll′(qx, 0) exp
{
−sδk¯ll′
Te
− s
Te
[
(qx − δk¯ll′) +
q2y + q
2
z
2δk¯ll′
]}
(5.46)
where δv¯ll′ = δvll′ at k = k1 and qx = δk¯ll′. In the case of the non-smooth
potential we have only one length scale aB in the (x, y)-plane and so Qll′ ∼ 1 if
qy ∼ a−1B . In the case of the smooth potential, Qll′ can be calculated explicitly
[223] and is given by
Q2ll′(qx, 0) = (2
l+l′l!l′!)−1(qxaB)2l+2l
′
exp{−(qxaB)2/2}. (5.47)
Now one can see that at low temperatures electrons at inter-edge-state transitions
emit almost monochromatic acoustic phonons with frequencies ω ≈ sδk¯ll′. The
emission predominantly concentrated within a narrow cone around the edge state
propagation. The emission intensity exponentially drops out of the cone. For the
non-smooth potential, the emission cone is isotropic in the (y, z)-plane and the
cone angle is determined by the length scales
√
δk¯ll′Te/s in x-direction (in the
case of the smooth potential also by the length scale max{a−1B ,
√
δk¯ll′Te/s} in the
y-direction) and
√
δk¯ll′Te/s in z-direction. A momentum spread in x-direction
is ∆qx ≡ qx − δk¯ll′ ∼ Te/s. It should be noticed that only a part of states
from the interval between k1 and k2 gives an essential contribution to the phonon
emission processes. When k varies in this interval (see Fig. 5.1), δkll′(k) is changed
by δk¯ll′sδv¯ll′/vlvl′ which is much less than δk¯ll′ even if δv¯ll′ ∼ vl, vl′. However,
only states l, k for which sδkll′(k)sδv¯ll′/vlvl′ ∼ Te, are effective in the emission
processes. Because of the velocity asymmetry vl > vl′ if l < l
′, the number
of these states decreases when the Fermi level falls down. Simultaneously δk¯ll′
increases which leads to the suppression of the phonon emission (cf. [229]). If the
Fermi level is very close to the topmost bulk Landau level (Fig. 5.1(b)), vl′ ∼ s
and δvll′ ∼ vl so that sδkll′(k) is changed by sδk¯ll′sδv¯ll′/vlvl′ ∼ sδk¯ll′ ≫ Te in the
interval (k1, k2). Therefore the main contribution to the phonon emission comes
from the single edge state l, kc where kc is defined from vl′(kc) = s. The emission
processes from states lying below kc are forbidden by conservation laws, while
from states above kc: due to the strong deficit of the hot electrons. Such critical
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point kc exists only for transitions l → l′ with l < l′. In the case of l > l′ there is
no critical points in the edge state spectrum and it is possible smooth transition
to the case of the phonon emission from the bulk Landau levels [45, 50, 49].
Because of δk¯ll′ for l > l
′ is always more than for l < l′, there is an asymmetry
between emission processes l → l′ and l′ → l. This asymmetry depends on the
Fermi level position and is pronounced when the Fermi level is close to the bulk
Landau level: Pl→l′ ≫ Pl′→l if l > l′.
At high temperatures, Te ≫ sδk¯ll′ , the states, which are more efficient
in the emission processes, are disposed above and below the Fermi level at the
separation of the order of Te. Therefore it is clear that qx ∼ δk¯ll′ and qy ∼ a−1B
are determined, respectively, only by the momentum conservation and by the
magnetic length according to (5.45). Correlation between qx and qy is determined
by the shape of the confining potential just as at the low temperatures. In z-
direction we have qz ∼ min{d−1, Te/s} so that the relation qz ≫ qx, qy takes
place for any d and Te as well as for any shape of the confining potential. Thus
in contrast to the low temperature regime, at high temperatures the phonon
emission is concentrated within a narrow cone around magnetic field normal to
the plane of the 2DEG. Using the variation wave function for the lowest subband
n = 0 we have |I00|2 = [1 + (qzd)2]−3. Taking into account that in this regime
f(εl(k0))(1−f(εl′(k0+qx))) ∼ exp{−sqz/Te} we obtain for the emission intensity
PDAl→l′ =
Ξ2qz
4
8π3ρsδv¯ll′
Q2ll′(qx, 0)
[1 + (qzd)2]3
exp
{
−sqz
Te
}
. (5.48)
By comparing Eqs. (5.46) and (5.48) one may see that at low temperatures the
phonon emission is exponentially suppressed. At high temperatures electrons
emit phonons with frequencies ω ∼ Te and the emission is much intense than at
low temperatures when ω ∼ sδk¯ll′ ≫ Te. In the high temperature regime, phonon
emission is not so sensible with respect to the Fermi level position.
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5.3.3 Acoustic Phonon Emission: Piezoelectric Potential
Up to now we considered only the deformation electron-phonon interaction. Di-
rect calculation shows that to find the phonon emission intensity due to the piezo-
electric coupling it should be done the following replacement [46] in Eq. (5.41):
Ξ2
ω2
s2
→ (eβ)2 (5.49)
where β is the piezoelectric modulus of the crystal averaged over directions of a
phonon propagation and its polarizations [249, 250]. Therefore, taking the values
of Ξ and β from [136], for GaAs we find
PDA
PPA =
Ξ2(ω/s)2
(eβ)2
=
(
5.6
ω
s
[nm−1]
)2
. (5.50)
At low temperatures ω ∼ sδk¯ll′. Therefore for the non-smooth confining potential
PDA
PPA ∼
(
5.6
aB[nm]
)2
=
B[T ]
20.9
(5.51)
and DA interaction is suppressed with respect to PA interaction for not so high
magnetic fields. In the case of the smooth potential
PDA
PPA ∼
(
δk¯ll′aB
4.6
)2
B[T ] (5.52)
and because of δk¯ll′aB ≫ 1, even at B ∼ 1T , the DA and PA interaction give
roughly the same contribution to the phonon emission.
At high temperatures we have ω ∼ Te so that
PDA
PPA ∼
(
Te[K]
6.9
)2
, (5.53)
i.e. at actual temperatures Te ∼ 10 K, contributions of the DA and PA interaction
are approximately of the same order of magnitude.
To compare the contributions of edge and bulk Landau states to the phonon
emission from the 2DEG one has to average Eq. (5.41) in k0 and to make a
substitution πδ(· · ·) → τ in Eq. 8 of Ref. 20 where τ determines the Landau
level broadening. Proceed in this way, in the high temperature regime one may
obtain for magnetic fields ωB ∼ Te and for δv¯ll′ ∼ vl, vl′, even in heterojunctions
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not so high quality with the mobility µ = 10 m2 V−1 s−1, the contribution of the
edge states to the cooling of the 2DEG at least is not less than the contribution
of the bulk Landau states. In the regime of low temperatures, because of ωB ≫
sδk¯ll′ ≫ Te, it is clear that the phonon emission is only due to inter-edge-state
transitions while the emission is practically absent at electron transitions between
bulk Landau states.
5.3.4 Angular distribution of emitted acoustic phonons
In this section we estimate the acoustic energy flux power emitted by the edge
states at the peak of emission for the case of the non-smooth confining potential.
In the low temperature regime the emission goes mainly via piezoelectric coupling.
At the peak of emission, qx = δk¯ll′ and qy = qz = 0. Therefore, the emission
intensity at the emission peak can be represented in the form
PPA0 =
1
(2π)2
ms
τ¯PA
vB
δv¯ll′
(
δk¯ll′
pB
)2
exp
(
−sδk¯ll′
Te
)
(5.54)
where the nominal time of the piezoelectric interaction is defined as
1
τ¯PA
=
(eβ)2pB
2πh¯ρs2
(5.55)
and pB = a
−1
B = mvB is the magnetic momentum. For GaAs we have ms =
3.1 · 10−28 J s m−1 and at B = 2 T, τPA = 36.4 ps. Taking δv¯10 = vB and
δk¯10 = pB we have sδk¯10 = 2.2 K for B = 2 T so that at Te = 0.5 K we obtain
PPA0 = 3.1 · 10−21 W s m−1 for the electron transitions between l = 1 and l = 0
edge states. For the emission cone angle we find θ = tan−1 qx/
√
q2y + q
2
z = 25
◦
(see Fig. 5.2).
At high temperatures PDAl→l′ and PPAl→l′ can be represented in the forms
PDAl→l′ =
1
(2π)2
ms
τ¯DA
vB
δv¯ll′
(
Te
spB
)4
x4e−x
[1 + η2x2]3
(5.56)
where the nominal time of the interaction is defined as
1
τ¯DA
=
Ξ2p3B
2πh¯ρs2
(5.57)
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Figure 5.2: Emission intensity distribution (piezoelectric interaction) in phonon
momenta at low temperatures Te ≪ h¯ωth ≡ sqth ≡ sδk10 and for the non-smooth
confining potential.
and
PPAl→l′ =
1
(2π)2
ms
τ¯PA
vB
δv¯ll′
(
Te
spB
)2
x2e−x
[1 + η2x2]3
. (5.58)
Here x = h¯sqz
Te
and η = Te
h¯s/d
. The emission peaks in this temperature regime are
defined from conditions that the last factor in Eqs. (5.56) and (5.58) should be
maximum. For the GaAs/AlGaAs heterojunction d = 3 nm, s = 5 · 103 m s−1
and so h¯s/d = 13 K. Taking T = 10 K we obtain that the emission peaks for DA
and PA interaction are determined, respectively, from x = 1.21 and x = 0.85.
This means that at the emission peak, frequencies of phonons emitted due to
the deformation coupling are approximately 1.4 times larger than frequencies of
phonons emitted due to the piezoelectric coupling. AtB = 2 T we have τ¯DA = 382
ps so that taking again δv¯10 = vB we obtain PDA0 = 1.03 · 10−18 for the electron
transitions between edge states l = 1 and l = 0. W s m−1 and PPA0 = 0.53 · 10−18
W s m−1. For the emission cone angle we find θ = tan−1qz/
√
q2x + q
2
y = 10
◦ for
DA phonons (see Fig. 5.3) and θ = 14◦ for PA phonons (see Fig. 5.4).
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Figure 5.3: Emission intensity distribution (deformation interaction) in phonon
momenta at high temperatures Te ≫ h¯ωth ≡ sqth ≡ sδk10 and for the non-smooth
confining potential.
It should be observed that in the smooth confining potential, phonon emission
is suppressed exponentially. At low temperatures suppression takes place for two
reasons. First, because of the threshold nature of emission, electrons are forced to
emit phonons with frequencies larger than ωth ≡ sδk¯ll′ ≫ spB. Second, because of
the exponential smallness of the overlap integral Qll′. While at high temperatures
suppression takes place only for the last reason.
5.4 LO-phonon assisted edge state relaxation
5.4.1 Inter edge state transition probability
In this section we consider the edge states in the z = 0 plane created by a
normal quantizing magnetic field B applied in z-direction in a rectangular QW
formed in x-direction by additional lateral confinement V (y) in y-direction of
the 2DEG. The lateral confining potential is assumed to be parabolic, V (y) =
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mω20y
2/2, ω0 is a characteristic frequency defining the strength of the lateral
confinement. Such type of the potential is sufficiently realistic one [251] and allows
to carry out more analytical calculation. In such one-dimensional electron system,
motion of particles is described by eigenfunctions |nlk > labeled by a subband
index n corresponding to the heterojunction quantization in the z-direction, by
hybrid index l corresponding to the twofold quantization due to the lateral and
magnetic confinement on electrons, and by wave vector k corresponding to the
free translation electron motion along the x-direction. Corresponding eigenstates
|nlk >= |n > |lk > are factored into a subband function |n >= ψ(z) and a
Landau oscillator function |lk >. The latter |lk >= eikxχlk(y) are products
of plane waves and harmonic oscillator functions centered at yk = λka
2 (a =√
h¯/m0ω is the characteristic length of the hybrid quantization). The dependence
of yk on the quantum number k creates spatial separation of the edge states
with different k. Therefore, in order to insure sufficient overlap between the
electron wave functions, a transferred momentum in an act of phonon emission
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or absorption should be not so large. The single-particle energy spectrum in the
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Figure 5.5: Hybrid edge state spectrum in the parabolic lateral confinement. All
possible transitions due to polar optical phonon emission are shown.
parabolic lateral confinement is given by
εnl(k) = ε(k) + εnl, ε(k) =
h¯2k2
2mB
, εnl = εn + h¯ω(l +
1
2
), mB =
ω2
ω20
mc(5.59)
where εn is the subband energy, the frequency ω and effective renormalized mass
mB determine the hybrid subbands (see Fig. 5.5). The corresponding DOS for
the subband nl per unit length is given by
gnl(ε) =
1
πh¯
√
2mB
ε− εnl Θ(ε− εnl) (5.60)
where Θ(x) = 1 if x ≥ 1 and zero otherwise is the Heaviside step function. The
DOS has a square-root singularity at the bottom of any subband nl. We recall
that the DOS exhibits an analogous behavior in the bulk samples exposed to
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the quantizing magnetic field. The position of the Fermi level εF and the linear
electron density ν are related in the following way
ν =
2
πh¯
∑
n,l
√
2mB(εF − εnl) Θ(εF − εnl). (5.61)
Different physical situations corresponding to ν = const and εF = const, as well
as to the mixture situations when both ν and εF vary with field (e.g., the situation
when the ratio of εF/ω remains constant) can be realized experimentally. Notice
that in these different situations the magnetic field dependence of various physical
quantities can be differ.
The scattering probability at which one polar optical PO phonon with a
wavevector q = (qx, qy, qz) and frequency ωPO (the PO phonon dispersion is
neglected, ωq = ωPO = 36.62 meV) is emitted or absorbed by an edge state can
be represented as [136]
W±qnlk→l′l′k′ =
2π2
LxLyLz
h¯vPO
τ¯PO
1
q2
|Qll′(k′, k; qy)|2|IPOnl′ (qz)|2
× (NT (ωPO) + 1/2± 1/2) δk′,k∓qxδ (εnlk − εn′l′k′ ∓ h¯ωPO) .(5.62)
In the above, ± refer to the emission and absorption of a PO phonon, Lx, Ly,
and Lz are wire length, width, and height, respectively, vPO = h¯pPO/mc, h¯pPO =√
2mch¯ωPO. The nominal time τ¯
−1
PO = 2αPOωPO = (0.14 ps )
−1 characterizes
electron-PO phonon interaction (αPO = 0.07 is the Fro¨lich coupling constant).
NT (ωPO) is the Bose-Einstein factor at temperature T . If phonon confinement
effects are neglected, the form factor Qll′ is given by Eq. 2.12 and, in the parabolic
confinement, does not depend on momenta k and k′ apart but depends only on
the combination qλ =
√
q2y + λ
2q2x (λ ≡ ωB/ω). To treat the electron relaxation
between edge states of the lowest n = 0 subband, the variational wave function
φ0(z) = (z/
√
2d3) exp(−z/2d) [208] is used. Then the form factor in the z-
direction, IPO00 , is given in the following explicit form
|IPO00 (qz)|2 = (1 + q2zd2)−3 (5.63)
where d is the length scale characterizing confinement of the electrons in z-
direction. By considering the inter-subband relaxation it is assumed that the
electrons in the z-direction are confined in a rectangular potential with infinite
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high walls so that the wave functions are φn(z) =
√
2/d sin πnz/d which give for
the form factor IPOnn′ following expression
|IPOnn′ (qz)|2 =
n2n′2π4ζ2
(ζ2 − α2)2(ζ2 − β2)2
{
cos2 ζ if n+ n′ = 3, 5, 7, ...
sin2 ζ if n′ + n = 2, 4, 6, ...
,
ζ =
qzd
2
, α =
π
2
(n+ n′), β =
π
2
(n′ − n) (5.64)
Eqs. (5.63) and (5.64) show that the form factor in the z-direction decreases in
both cases as a sixth power of ζ for small wavelengths, qz ≫ d−1.
5.4.2 Kinematics of PO phonon emission
The kinematics of the PO phonon emission and absorption is determined firstly
by the conservation laws. In this system due to quantization of electron motion,
the momentum conservation remains only in x-direction so that we have
ε(k) = ε(k′) + ∆±nln′l′, k = k
′ ± qx,
∆±nln′l′ = εn′l′ − εnl ± h¯ωPO. (5.65)
These relationships are shown in Fig. 2.1. Electron transitions are possible be-
tween edge states with different n, l, k lying on two horizontal lines separated by
h¯ωPO. If ∆
±
nln′l′ > 0 (∆
±
nln′l′ < 0) electrons gain (loose) the momentum, q
+
x > 0
(q+x < 0), at the phonon emission and loose (gain) the momentum, q
+
x < 0
(q−x > 0), at the phonon absorption processes. All emission (absorption) pro-
cesses with gain (loose) of the momentum have a threshold nature, i.e. only
electrons with the energy ε(k) ≥ ∆±nln′l′ (ε(k) ≤ ∆±nln′l′) can emit (absorb) PO
phonons. The number of all possible electron transitions increases in Fermi level
height. Notice that as it follows from Eqs. 5.65 at fixed electron subband quan-
tum numbers, the electron initial energy uniquely determines the x-component
of the emitted or absorbed phonon momentum.
q±x = ±k
(
1−
√
1−∆±nln′l′/ε(k)
)
. (5.66)
Exact momentum conservation in the y- and z-directions is replaced by the
form factors Qll′ and Inn′ which require following restrictions for l, l
′ and n, n′ of
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the order unity
λqxa<∼1, (5.67)
qya<∼1, (5.68)
qzd<∼1. (5.69)
Actually, condition (5.67) is the restriction upon the electron initial energy and
magnetic fields for which emission and absorption of PO phonons provide a sub-
picosecond relaxation between given subbands with quantum numbers nl and
n′l′. By virtue of the relationship (5.66), the condition (5.67) can be rewritten in
the following explicit form
2
ωB
ω0


√
ε(k)
ω
−
√
ε(k′)
ω

 <∼1. (5.70)
The parameter ωB/ω0 determines an extend degree of the inter edge state spatial
separation at electron transitions. If ω0/ωB ≪ 1 then a slight shift in the electron
momentum k − k′ = qx or energy ε − ε′ = ∆±lnl′n” causes a large inter edge state
separation and weak overlap between electron wave functions. Therefore in this
case we restrict the present analysis to the magnetic fields for which ∆±lnl′n” ∼
ω0 ≪ ωB while electron energy ε can be of the order both ∆±lnl′n” and h¯ωB. In
the limit of a non-smooth confinement, ω0/ωB>∼1, even for ε− ε′ = ∆±lnl′n′ ∼ ωB
there exists sufficient overlap between electron wave functions. Therefore, in this
case we consider magnetic fields and energies for which ε ∼ ωB ∼ ∆±lnl′n′ ∼ ω0.
Due to the long-range nature of the PO interaction, phonons with minimum
momenta q ≡
√
q2x + q
2
y + q
2
z ∼ min{qx, qy, qz} are emitted or absorbed at the
relaxation processes. Since for the given electron discrete quantum numbers and
initial energy, qx is a fixed quantity then only phonons are essential for which
qy, qz<∼qx. (5.71)
In the limit of high magnetic fields, d≫ a, the distribution in phonon momenta
is isotropic in the (x,y)-plane of in the inverse space while in z-direction, the
restriction (5.69) is more severe than that of (5.71) so that we have qz ≪ qy<∼qx.
In the opposite limit of weak magnetic fields, ωB ≪ ω0, (i.e. λ ≪ 1), the
distribution in phonon momenta is isotropic in the (x,z)-plane while in y-direction,
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qy ∼ λqx, therefore we have qy ≪ qz<∼qx. In the intermediate range of magnetic
fields we have λ ∼ 1 and d≪ a therefore the distribution in phonon momenta is
determined only by inequality (5.71).
5.4.3 Energy relaxation of a test electron
The energy relaxation rate for a test electron between two subbands nl and n′l′
due to PO phonons can be represented in the form [136]
QPOnl→n′l′(k) = Q+nl→n′l′(k)−Q−nl→n′l′(k) (5.72)
where
Q±nl→n′l′(k) =
h¯ωPO
τ¯PO
vPO
v(k ∓ q±x )
Φ±nl(k)G
±
nl→n′l′(k) ≡
h¯ωPO
τ±PO(ε)
(5.73)
is the energy transferred to the lattice (obtained from the lattice) at the PO
phonon emission (absorption) processes, 1/τ±PO(ε) is the PO phonon emission
(absorption) rate. Here v(k) = 1/h¯∂ε(k)/∂k is the group velocity of the edge
state which depends only on the momentum k for the parabolic confinement.
The overlap integral G±nl→n′l′(k) is given as
G±nl→n′l′(k) =
1
4π
∫ +∞
−∞
dqydqz
q2x + q
2
y + q
2
z
|Qll′(qλ)|2|IPOnn′ (qz)|2
∣∣∣∣∣
qx=q
±
x
. (5.74)
Integration over phonon momenta does not catch on the temperature factor
Φ±nl(k) which is a function of the electron initial quantum numbers,
Φ±nl(k) = (NT (ωPO) + 1/2± 1/2)
1− fT (εnl(k)∓ h¯ωPO)
1− fT (εnl(k) , (5.75)
fT (ε) is the Fermi factor. Therefore, any variation of temperature will change only
intensity of the phonon emission and absorption while momentum distribution
of emitted and absorbed PO phonons by the test electrons does not depend on
temperature.
In the case of relaxation between edge states of the lowest subband for actual
calculations of the overlap integral G±nl→n′l′(k) we use expression (5.63) for the
form factor Inn′. Then directly taking integration over qz, Eq. (5.74) can be
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reduced to the following one-dimensional integral
G±0l→0l′(k) =
1
16
∫ ∞
0
dyQ2ll′(t)
8 + 9r + 3r2
r(1 + r)3
,
t =
a2
2d2
(y2 + λ2x2), r =
√
x2 + y2, x = qxd, y = qyd. (5.76)
which we evaluate numerically. The results of numerical calculations in the limit
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Figure 5.6: The PO phonon emission rate versus the electron initial energy for
the l = 1 => l = 0 transition and for different values of the magnetic field.
of the smooth confinement (we take ω0 = 1.754 meV) for transitions between hy-
brid subbands l = 1→ l′ = 0 and l = 2→ l′ = 0 are shown in Figs. 5.6 and 5.7,
respectively. We use d = 3 nm as a typical value for a GaAs/AlGaAs heterostruc-
ture. The diagrams represent the PO phonon emission rate dependencies on the
electron initial energy at room temperatures for several values of the magnetic
field. One can see from Fig. 5.6 that for the transition l = 1 → l′ = 0 at low
magnetic fields B = 15, 17 T corresponding to the detuning ∆+0100 = 9.89, 6.38
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meV, the emission rate increases slowly but monotonously thought it is remaining
sufficiently small in the whole range of the electron initial energy variation. It is
exceeding the value of 1 ps−1 only near the upper edge of the energy variation.
Such behavior is conditioned by the sufficiently large value of the transferred mo-
mentum qx (so that the inequality (5.67) is not satisfied) and by its monotonous
decrease in the same energy range. The curves of the emission rate for the mag-
netic fields B = 19, 20 T corresponding to the detuning ∆+0100 = 2.87, 1.12
meV represent peaks at the energies for which the inequality (5.67) starts to take
place. The peak values exceeding 40 ps−1 and 10 ps−1, respectively. At higher
energies, the inequality (5.67) takes place in the strong sense, λqxa ≪ 1, there-
fore the overlap integral (5.74) becomes weakly depending on the energy and the
energy dependence of the emission rate is mainly determined by the behavior of
the DOS, i.e., it slowly decreases with an energy increase. On the low-energy
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side we have λqxa≫ 1 causing an exponential increase of the emission rate with
energy increase. The curve with B = 20.64 T represents the emission rates cor-
responding to the very sharp detuning (∆+0100 < 0.5 meV). In this case we have
λqxa≪ 1 in the whole energy range and features of the emission rate are mainly
determined by an energy dependence of the DOS. Particularly, the sharp increase
of the emission rate at low energies arises from the divergence of the DOS at the
bottom of the electronic subband.
Such kinds of curves with analogous behavior we find also for the electronic
transitions between subbands n = 0, l = 2 and n′ = 0, l′ = 0 (Fig. 5.7).
Chapter 6
Theory of Auger-upconversion
6.1 Introduction
Auger scattering in semiconductors is well known from investigations of nonra-
diative recombination [252, 253, 254, 255, 37]. Free electrons and holes are a
prerequisite for this process: the energy obtained in the recombination of an
electron-hole pair is taken to excite another electron. The latter electron may
loose its excess energy by electron-lattice relaxation; thus the recombination en-
ergy is converted into heat. More recently two-particle correlation effects in the
Auger process [256] have been demonstrated experimentally for p-GaAs and n-Si
[257, 258]. In quantum well structures, Auger processes become possible between
different subbands and have been investigated both in theory and experiment (see
[259] and references therein). The reduction of Auger scattering rate in quantum
dots due to the discreteness of the electronic states has been used as an argument
to propose quantum dots lasers [260]. Except for an early study of transport in
crossed electric and magnetic fields [261], the theory of Auger scattering was
restricted so far to the magnetic field free case.
In recent magneto-luminescence experiments by Potemski et al. [55, 56] on
one-side modulation doped GaAs/AlGaAs quantum wells an up-conversion has
been observed and interpreted as being due to an Auger process. These authors
studied in photoluminescence and photoluminescence under excitation an asym-
metric GaAs/AlGaAs single quantum well of width d = 25 nm with an electron
164
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Figure 6.1: Magnetic field dependence of the probabilities for the transitions
between Landau levels L′0 → L1({I}) and L2 → L′0({II}) caused by acoustic
phonon emission.
density of Ns = 7.6 · 1011 cm−2 with a magnetic field B applied in growth direc-
tion. The characteristic energy level scheme for 7.9 T ≤ B ≤ 12.9 T is depicted
as inset in Fig. 6.1: the lowest Landau level of the second electric subband L′0 lies
between the second L1 and third L2 Landau levels of the lowest electric subband
(the index refers to the Landau quantum number), while due to the doping con-
centration the Fermi energy is pinned to the level L1. Changing the magnetic field
in this interval allows to tune L′0 between L1 and L2. The luminescence spectrum
under interband excitation into L1 at low temperatures (T = 1.8 K) and for low
excitation power (Pexc ≤ 10 W cm−2) shows two peaks (see Fig. 6.2 taken from
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Ref. [55]): besides the luminescence due to recombination of an electron from L0
with a hole in a valence band, a second peak is observed above the exciting laser
energy and is related to L′0, i.e. recombination of an up-converted electron with
a hole. In order to explain this second peak, the following processes have been
supposed: after an interband excitation of electrons into the partially filled level
L1 (i), a recombination takes place between electrons from L0 and photo-induced
holes (ii), then in an Auger process two electrons in L1 are scattered to L2 and L0
(iii), and a relaxation process brings the electron from L2 to L
′
0 (iv), from where it
recombines with a photo-induced hole (v) to give the up-converted luminescence
or, emitting a phonon, relaxes into the level L1 (vi). Potemski et al. [55, 56]
present the dependence of the luminescence intensity related to L0 and L
′
0 on the
magnetic field and the excitation power (see Fig. 6.3 taken from Ref. [55]). The
most surprising result is the high intensity of the L′0 luminescence which can be
of the same order as the L′0 luminescence.
Experimentally, electron-electron interaction has been studied in various phe-
nomena. Besides already mentioned luminescence experiment [55, 56], inter- and
intra-Landau level Auger transitions have been observed also in the cyclotron
resonance in the 2DEG [262]. As a dephasing mechanism electron-electron in-
teraction is observed in interference of two electron beams in the 2DEG [263].
It can be responsible for the signal decay in four wave mixing experiment [264]
and consider as a possible mechanism [265, 266] of the mutual drag between two
electron gases, 2D-3D, and 2D-2D [267, 268].
Electron-electron scattering is one of the main mechanisms controlling relax-
ation, transport and optical properties of electrons. The electron scattering has
been firstly calculated by Landau and Pomeranchuk [269] in massive samples.
In recent years, intensive effort of many authors has been exhausted to develop
theory of electron-electron scattering in low-dimensional nanostructures [6, 7, 9].
In the 2DEG, electron scattering has been calculated by Chaplik [270] at low
and by Gulianni and Quinn [271] at high temperatures for free Fermi-liquid elec-
trons. When electrons are strongly scattered by random short range potential
of impurities, the Fermi-liquid picture can be no longer valid. In this situation
electron-electron scattering has been discussed by Schmid [272] and by Altshuler
and Aronov [273] for the magnetic field free case.
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As already mentioned, theoretical studies of Auger scattering between Landau
levels in a 2DEG are missing in the literature. In this section phenomenological
calculations of the electron-electron scattering rate for free electrons of the 2DEG
exposed to the normal quantizing field are presented [57, 46].
Quite recently these calculations have been generalized by Levinson [274] for
a smooth random potential depending on only one coordinate which allow to
calculate Landau level broadening corresponding to heterostructures and narrow
quantum wells with a large spacer [275, 276].
In the last few years electron-acoustic phonon interaction in a 2DEG in a quan-
tizing magnetic field has attracted attention because of its role in the breakdown
of the dissipationless quantum Hall effect [169, 168] and the cooling of a 2DEG at
low temperatures T ≤ 40K [173, 171, 172]. The emission and absorption of the
ballistic phonon pulses by a 2DEG in MOS-structures and GaAs-heterostructures
have been studied in theoretical works [176, 45, 49, 50] as well as in many exper-
iments (see the review paper [277]). In all calculations, however, only acoustic
phonon-assisted transitions within Landau levels of the lowest subband are con-
sidered.
Therefore in this chapter, we calculate the characteristic times of processes
(iii) and (iv), (vi), i.e. Auger scattering between Landau levels of the lowest
electric subband and electron-acoustic phonon scattering between Landau levels
of the two lowest electric subbands (L2 → L′0 and L′0 → L1), as well as the
lifetime of a test hole in level L0 with respect to both the Auger process and the
phonon emission. By analyzing rate equations for the processes (i)-(vi) we find an
estimate for the time of the Auger process as well as magnetic field and excitation
power dependencies of the two luminescence peaks which are consistent with the
experimental findings.
6.2 Auger scattering between Landau levels
Due to the combined effect of quantum well confinement and Landau quantiza-
tion, the energy spectrum of electrons in a quantum well with magnetic field in
growth direction (parallel z) is discrete. The single particle energy εnl is character-
ized by a subband index n and a Landau level index l (the spin degeneracy is not
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removed and is taken into account in the occupation factors). The corresponding
wave functions Ψ(r) (r=(R, z)) are factored into an oscillator function χlk(R) for
the Landau oscillator and a subband function ψn(z). The single particle energy
does not depend on the quantum number k which results from the asymmetric
gauge of the vector potential and counts the degeneracy of the Landau levels.
The scattering time for a single electron due to the Auger process, in which
two electrons are scattered from single particle states 1, 2 into states 1′, 2′, is given
by
1
τ eAuger
=
∑
k2,k′1,k
′
2
W1,2→1′,2′f2(1− f1′)(1− f2′) (6.1)
where the occupation probabilities f take into account the Pauli exclusion prin-
ciple. In detail the transition probability is given by
W1,2→1′,2′ =
2π
h¯
|M1,2→1′,2′|2 δ(εn1l1 + εn2l2 − εn′1l′1 − εn′2l′2). (6.2)
In Eq. (6.2) we have taken the sum over the momenta k to account for all equiv-
alent scattering processes, which are possible due to the degeneracy for a given
set of Landau levels. After the summation the result does not depend on k1 (and
thus on the choice of the gauge, as it should be). Thus τ eAuger is the relaxation
time of a test electron from the level L1 to L0 with respect to the Auger process.
For later considerations we introduce also the lifetime of a test hole in the level
L0 with respect to the Auger process from the level L1 as
1
τhAuger
=
∑
k1,k2,k′2
W1,2→1′,2′f1f2(1− f2′) (6.3)
where 1− f ′2 is the occupation probability of a hole in L2.
The matrix element M1,2→1′,2′ to be calculated with functions of Eq. (??) is
that of the Coulomb interaction potential after 2D Fourier transformation
Vee(r1, r2) =
1
A
∑
q
2πe2
κ0q
exp {iq(R1 −R2)− q | z1 − z2 |} (6.4)
where A is the normalization area in the (x, y)-plane, κ0 is the low-frequency
dielectric constant. Here the screening due to free carriers in the electron subband
is not considered.
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In our special case we are interested in transitions only within the first electric
subband (n = 1). Therefore, using the form factor
F (q) =
∫
dz1dz2ψ
2
1(z1)ψ
2
1(z2) exp {−q | z1 − z2 |} (6.5)
the matrix element can be represented in the form
M1,2→1′,2′ =
1
A
∑
q
2πe2
κ0q
F (q)Ql1l′1(q)Ql2l′2(q)δk′1,k1+qxδk′2,k2−qx
× exp
[
1
2
ia2Bqy(k1 + k
′
1 − k2 − k′2)− iφ(l′1 + l′2 − l1 − l2)
]
. (6.6)
Here aB = (h¯/ | e | B)1/2 is the magnetic length, φ is the polar angle of the vector
q. The functions Qll′ are given by Eq. (2.12). Using the model wavefunction (??)
[125], the form factor (6.5) can be calculated explicitly
F (q) =
10 b6 e−b+q
(b+ q)6
+
b (8 b2 + 9 b q + 3 q2)
16 (b+ q)3
. (6.7)
It is easy to see from Eqs. (6.1)-(6.3) that the momenta k appear only in the
matrix element so that using (6.6) one can find
∑
k2,k′1,k
′
2
|M1,2→1′,2′ |2 = 1
A
1
2πa2B
4π2e4
κ20
∑
q
1
q2
F 2(q)Q2l1l′1(q)Q
2
l2l′2
(q). (6.8)
It should be noted that after performing the summation of the modulus squared of
the matrix element over the momenta k no interference between different Fourier
components of the Coulomb potential occurs.
So far we have not considered the δ-function in Eq. (6.2) which would give a
factor of infinity because of energy conservation. For a realistic 2DEG, impurity
scattering results in a broadening of the Landau levels [278]. The same mechanism
also limits the mobility of the carriers in the system (see Chapter 4). Therefore,
we replace the δ-function by a Lorentzian with a width corresponding to the
scattering time τ ≈ 10 ps for the mobility µ = 25 V−1 s−1 m2 which means
πδ(εn1l1 + εn2l2 − εn′1l′1 − εn′2l′2) → τ . This approach is inconsistent in so far as
impurity scattering, in principle, gives k-depended energies, however, we perform
the k-sum without taking this into account.
Now from (6.1), (6.2), and (6.8) we obtain
1
τ eAuger
= WAugerf2(1− f1′)(1− f2′)
∣∣∣∣
l1+l2=l1′+l2′
(6.9)
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and the probability of the Auger process is
WAuger = 2
(
e2
h¯
)2
τ
κ20
1
a2B
Φ
(
aB
z0
)
. (6.10)
The overlap integral
Φ
(
aB
z0
)
=
∫ ∞
0
dq
q
F 2(q)Q2l1l′1(q)Q
2
l2l′2
(q)
∣∣∣∣
l1+l2=l1′+l2′
(6.11)
depends on magnetic field via the dimensionless parameter aB/z0 where z0 is a
characterizing length parameter of the lowest electric subband. We have calcu-
lated the overlap integral Φ(aB/z0) for the Auger process involving Landau levels
l1 = l2 = 1 and l
′
1 = 0, l
′
2 = 2 (Auger process from the level L1 into the levels L0
and L2) using the form factor (6.7) (see the lower part of Fig. 6.4). The value
of the parameter z0 = 3/b = 10.5 nm has been chosen to reproduce the separa-
tion of the two lowest subbands of the actual quantum well in [55] and [56] by a
triangular potential model. The magnetic field dependence of the probability of
Auger process WAuger is also plotted in Fig. 6.4. One can see that in the range of
magnetic fields between 7.9 T and 12.9 T, the function Φ is slowly varying func-
tion in the magnetic field so that the probability WAuger is a linearly increasing
function in B in the same range. When the magnetic field is varied from 1 to 20
T, the probability WAuger increases approximately from 1 to 10 fs. Notice that,
recently, such a fast electron-electron thermalization (faster than 10 fs) has been
observed in modulation-doped GaAs quantum wells [279].
However, the occupation factors, which have to be included in order to obtain
τ eAuger, will drastically increase this value. For the case under consideration in
the experiment of [55] and [56] (with Ns = 7.6 · 1015 cm−2, T = 1.8 K and
B = 9.5 T ) but without pumping, we find by including the occupation factors
τ eAuger ≃ 1063W−1Auger, i.e. the Auger process is not possible at all because the
lower Landau level L0 is almost completely filled. It becomes possible only by
optical pumping into the level L1 and subsequent recombination from L0, thus
creating the empty states required for the Auger process. Without pumping, the
Auger process is possible only at much lower magnetic fields (for lower carrier
density) or much higher temperatures.
Applying the same considerations to τhAuger we obtain an expression as (6.9)
but with the factor f1 instead of the factor 1 − f ′1. This gives for half-filled L1
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level τhAuger ≈ 2 fs. In contrast to τ eAuger we see that τhAuger does not depend on
available free places in the level L0 and shows the efficiency of the Auger process
in comparison with other processes which add (by emission of phonons) or remove
(by interband recombination) electrons in L0.
6.3 Electron-acoustic phonon scattering between
Landau levels
Transitions between Landau levels of the different electric subbands are possi-
ble by emission of acoustic phonons via the deformation (DA) potential. The
corresponding relaxation time of a test electron is given by
1
τDAnl→n′l′
= (1− fn′l′)
∑
k′
WDAnlk→n′l′k′ (6.12)
where the transition probability from the state Ψnlk to the state Ψn′l′k′ is given
by [45]
WDAnlk→n′l′k′ =
1
A
Ξ2
h¯ρs2
ω2
s2
∑
q
1
a
δk′,k+qxQ
2
ll′(q) |Inn′(a)|2 , a =
√
ω2
s2
− q2. (6.13)
with the form factors Q and I given by (5.42) and (5.43), respectively. Recall
that Ξ is the deformation potential constant, ρ is the mass density of the crystal,
s is the velocity of sound and the transferred energy h¯ω = εnl − εn′l′.
Direct calculation shows that the probability for the piezoelectric potential
(PA) can be obtained from (6.13) by replacing Ξ2(ω2/s2) by (eβ)2 where β is the
piezoelectric modulus of the crystal averaged over directions of propagation of
phonons and its polarizations. Therefore, for GaAs one can find
WDA
W PA
=
Ξ2(ω2/s2)
(eβ)2
=
(
ω[meV ]
0.42
)2
. (6.14)
This means that in strong quantizing magnetic fields (B ∼ 10 T) when L′0 is
sufficiently far away from L1 and L2, i.e. it is far from the crossing point of the
magnetic field when ω ≪ ωB, the PA-interaction is suppressed with respect to
the DA-interaction.
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From (6.13), taking a sum over the momentum k′ of the final states, it is easy
to find
Wnl→n′l′ =
∑
k′
WDAnlk→n′l′k′ =
Ξ2
2πh¯ρs2
ω2
s2
×
∫
dz1dz2ψn1(z1)ψn2(z1)ψn1(z2)ψn2(z2)K
(
ω
s
|z1 − z2
)
(6.15)
where the kernel is
K
(
ω
s
|z1 − z2
)
=
∫ ω/s
0
dq
q
a
Q2ll′(q) exp {ia(z1 − z2)} . (6.16)
The following two transitions will be considered below:
n = 2, l = 0→ n′ = 1, l′ = 1 (L′0 → L1) {I}
with
h¯ω = h¯ω1 = ε20 − ε11 = ωE − ωB, Q210(q) = t exp(−t) (6.17)
and
n = 1, l = 2→ n′ = 2, l′ = 0 (L2 → L′0) {II}
with
h¯ω = h¯ω1 = ε12 − ε20 = 2h¯ωB − h¯ωE , Q220(q) = (t2/2) exp(−t). (6.18)
Here ωB = eB/mc is the cyclotron energy and h¯ωE = ε20 − ε10 is the energy
separation between first and second electric subband.
The kernel (6.16) for these two transitions can be rewritten
K
(
ω
s
|z1 − z2
) ∣∣∣∣{I;II} =
1
a2B
∫ α
0
dt{t; (t2/2)}1
a
exp [ia(z1 − z2)− t] . (6.19)
where α = (ω2/2s2)a2B is an integration parameter. This integration has been
evaluated by means of the steepest descent method using the fact that in quan-
tizing magnetic fields the parameter α = (ω2/2s2)a2B ≃ ωB/2ms2 ≫ 1 is always
large. Then we find
K
(
ω
s
|z1 − z2
) ∣∣∣∣{I;II} =
ω
s
1
2α
(1− iβ)2
(1 + β2)2
{
1;
1− iβ
1 + β2
}
exp
[
i
ω
s
(z1 − z2)
]
+ o
(
1
α
)
(6.20)
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where the parameter β = (ω/s)(z1 − z2)/2α. For ω ∼ ωB and for z1, z2 ∼ d we
have β ∼ ms(z1 − z2) ∼ msd. For GaAs the length h¯/ms = 340 nm so that at
d = 25 nm we have β ≪ 1. Hence, neglecting the terms of the higher order in β
we obtain
K
(
ω
s
|z1 − z2
) ∣∣∣∣{I;II} ≈
ω
s
1
2α
exp
[
i
ω
s
(z1 − z2)
]
. (6.21)
One can see that in this approximation the kernel differs for the two transitions
only by the different values of the transferred energy ω. This result for K is
easy to find from (6.16) by replacing a by ω/s. This means that in a 2DEG in a
quantizing magnetic field normal to the electron sheet, electrons due to the DA
interact mainly with phonons which propagate along the magnetic field direction
B. It should be noticed that this statement is true not only for these particular
transitions but also in general.
Substituting the kernel (6.21) in (6.15) we obtain the probability for the tran-
sitions {I} and {II}
W
{I;II}
ph =
1
τ¯B
ω
s
aB
∣∣∣∣I12
(
ω
s
)∣∣∣∣2 , ω = {ω1;ω2}. (6.22)
Here we define a nominal interaction time
1
τ¯B
=
Ξ2
2πh¯ρs2a3B
(6.23)
which depends on the magnetic field. Since the parameter (ω/s)d≫ 1 (actually,
this inequality defines the energy range in which we are interested), the form
factor I12 can be calculated by the method of a stationary phase [280, 281].
Using Airy functions instead of wave functions ψn(z) one can find
∣∣∣∣I12(ωs )
∣∣∣∣2 = 4
(
ω
s
z¯
)−6
, z¯ =
h¯√
2mωE/(α1 − α0)
(6.24)
where αi is the ith zero of the Airy function.
Substitute (6.24) in (6.22) we find
W
{I}
ph =
1
τ¯B
aB
z¯
4(s/z¯)5
(ωE − ωB)5 ∝ B(BE −B)
−5, (6.25)
W
{II}
ph =
1
τ¯B
aB
z¯
4(s/z¯)5
(2ωB − ωE)5 ∝ B(2B −BE)
−5 (6.26)
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where BE is the magnetic field when ωB = ωE. For GaAs at B = 9.5 T and
z¯ = 6.7 nm (this corresponds to ωE = 22.4 meV taken from [55] and [56]), we
find W
{II}
ph = (32.3 µs)
−1 and W {I}ph = (1.5 µs)
−1. Note, that the relaxation
probability calculated in [45] for magnetic fields B ≃ 1T is much greater. Such
a suppression of the electron-phonon interaction at ω ∼ ωB and (ωB/s)z¯ ≫ 1
follows from the conservation laws. The electron states in this regime constitute
a wave packet so that the states with l, n ∼ 1 have momenta of the order of a−1B
in the (x, y)-plane and of the order of z¯−1 in z-direction. Therefore, only for a
small number of electron states in this packet, the momentum conservation law is
fulfilled at the interaction with acoustic phonons with momenta ω/s≫ a−1B , z¯−1.
The dependence of the probabilities (6.25) and (6.26) on the magnetic fields
is plotted in Fig. 6.1. At low fields B ≃ 8 T the transition {II} (L2 → L′0) is
predominant. As B increases, the probabilityW
{II}
ph rapidly falls whileW
{I}
ph (this
corresponds to L′0 → L1) slowly increases so that already at B = 8.6 T these two
transitions are equally probable. At high fields transition L2 → L′0 is suppressed
with respect to L′0 → L1 and W {I}ph rapidly increases with increasing B so that at
fields near BE achieves to values corresponding to times less than 1 ns.
In order to obtain the relaxation times τ
{I},{II}
ph , the occupation factors have to
be included according to Eq. (6.9). Noting that for the case under consideration
in experiment [55] and [56] the L1 and L
′
0 levels are not fully occupied, we obtain
τ
{I},{II}
ph = (1− f11,20)W {I},{II}ph ∼W {I},{II}ph . (6.27)
To find out which mechanism (the Auger scattering or the phonon emission) is
responsible for filling of holes in the level L0 with electrons, we estimate also the
lifetime of a test hole in L0 with respect to the phonon emission from the higher
level L1
1
τhph
=
∑
k′
WDA11k→10k′f11 ≡W1→0f11. (6.28)
Here the probability WDA11k→10k′ is given by Eq. (6.2) for the transferred energy
ω = ωB. Since always ωB > ω1, ω2, the approximations, which have been made
above to calculate the kernel K and form factor Inn′, are also justified for this
case. Therefore one can obtain W1→0 from Eq. (6.21) by substituting ω = ωB.
It is clear, that the lifetime of a test hole τhph is larger than the relaxation times
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τ
{I},{II}
ph ∼ 1 µs and thus much larger than (τhAuger ∼ 1fs). Hence, the Auger
process is much more efficient to fill holes in the level L0 than the phonon emission.
This fact makes possible the observation of the Auger-upconversion by interband
optical pumping [55] and [56].
6.4 Analysis of the rate equations.
So far we have considered only the processes (iii), (iv) and (vi). In order to
correctly describe the experimental situation of [55] and [56], we have to take
into account also the processes (i), (ii) and (v), i.e. the pumping by interband
excitation to the level L1 and the recombination of electrons from L0 and L
′
0
with the photo-induced holes. As it has been discussed already in Sec. 6.2, the
Auger process becomes possible only after processes (i) and (ii). Intensities of the
emissions from the levels L0 and L
′
0 are determined by the characteristic times
of the processes (i)-(vi) from the following set of rate equations
∂n0
∂t
=
n0
τ0
− n1
τ eAuger
(6.29)
∂n1
∂t
= P˜exc +
n′0
τ
{I}
ph
− 2n1
τ eAuger
(6.30)
∂n′0
∂t
=
n2
τ
{II}
ph
− n
′
0
τ
{I}
ph
− n
′
0
τ ′0
(6.31)
∂n2
∂t
=
n1
τ eAuger
− n2
τ
{II}
ph
(6.32)
Here nl (n
′
l) is the areal number density of electrons in the Landau level with
index l of the first (second) electric subband including spin degeneracy. The
characteristic times of the recombination of electrons from level L0 and L
′
0 with
photo-induced holes are τ0 and τ
′
0 which depend on B in the same way and are of
same order of magnitude. In Eq. (6.30) we have also defined the flux of electrons
created by interband excitation into the level L1
P˜exc =
Pexc
ωexc
(1− f1) (6.33)
where Pexc and h¯ωexc are the excitation power and energy. The factor 1−f1 takes
into account the availability of free states in the level L1. In a stationary case we
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have ∂n/∂t = 0 and the rate equations reduce to
I0 ≡ n0
τ0
=
n1
τ eAuger
=
n2
τ
{II}
ph
(6.34)
I ′0 ≡
n′0
τ ′0
(6.35)
I0 − I ′0 =
n′0
τ
{I}
ph
(6.36)
I0 + I
′
0 = P˜exc (6.37)
(6.38)
where I0 and I
′
0 are proportional to the luminescence intensities for recombi-
nations from L0 and L
′
0, respectively. According to Eq. (6.34), the lumines-
cence intensity I0 is determined both by τ
e
Auger and τ
{II}
ph . Because of τ
e
Auger =
(n1/n2)τ
{II}
ph > τ
{II}
ph we find for B = 9.5 T that τ
e
Auger > 30 µs. This means that
the relaxation time of a test electron in the level L1 with respect to the Auger
scattering is strongly enhanced due to the occupation factors over the character-
istic time W−1Auger and the lifetime of a test hole τ
h
Auger in the level L0 which are
of the order of 1 fs.
Because τhAuger is much smaller than all other characteristic times of this sys-
tem, the Auger-upconversion mechanism immediately fills all arising holes in L0
due to the recombination of electrons from L0 and creates electrons in the level
L2. Thus the number of the up-converted electrons is always equal to the num-
ber of recombining electrons from L0. However, the intensity of the up-converted
luminescence I ′0 is determined by the competition of the processes (v) and (iv),
i.e. by the ratio of τ ′0 and τ
{I}
ph (see Eqs. (6.35) and (6.36)).
In order to obtain the dependencies of I0 and I
′
0 on the magnetic field and
the excitation power we consider two different cases. In a case when process
(v) is dominant over the process (vi), i.e. τ
{I}
ph ≫ τ ′0, we find from equations
(6.34)-(6.37) that
I0 ≈ I ′0 ≈
P˜exc
2
≫ N0
τ
{I}
ph
, n0 ∼ n′0 ∼ N0 (6.39)
which means
I0, I
′
0 ∝ Pexc,
(
1− B1
B
)
. (6.40)
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Here N0 is the capacity of one Landau level and B1 corresponds to the full
occupation of two Landau levels L0 and L1. With the help of Eqs. (6.25), (6.27),
and (6.33) it is seen that the inequality in Eq. (6.39), which is determined by
τ
{I}
ph ≫ τ ′0, corresponds to the situation when the magnetic field is close to the
lower bound of the considered interval and at the same time the excitation power
is high. In opposite case when τ
{I}
ph ≪ τ ′0, which corresponds to magnetic fields
close to the upper bound and low powers, we find from Eqs. (6.34)-(6.37)
I ′0 =
P˜ 2exc
N0/τ
{I}
ph
≪ I0 = P˜exc, n0 ∼ N0 ≫ n′0 (6.41)
This means that
I ′0 ∝ P 2exc,
(
1− B1
B
)
(BE −B)5 (6.42)
while
I0 ∝ Pexc,
(
1− B1
B
)
. (6.43)
Now it is clear from Eqs. (6.39) and (6.40) that at B near B1 both intensities I0
and I ′0 increase linearly with B. As B increases further, I0 continues to increase in
accordance with (6.43) but not so sharply as near B1. However, I
′
0 shows another
behavior given by Eq. (6.42) and decreases with B as (BE −B)5 when B is near
BE (Fig. 6.5). At low powers I
′
0 depends quadratically on Pexc (Eq. (6.42)) while
at high powers for I ′0 (Eq. (6.40)) and in the whole range of the power variation
for I0 (Eqs. (6.40) and (6.43)) this dependence is linear.
In conclusion, our calculation provides an understanding of the main features
of the experiments reported in [55] and [56]. In the light of our investigations it
would be interesting to have detailed experimental information on the intensities
I0 near B1 and I
′
0 near BE for which also our theory provides definite information.
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Figure 6.2: (a) Intensity of the luminescence detected at h¯ωdet as a function of
the exciting energy (left) and luminescence spectra at different excitation energies
h¯ωexc (right). Two-dimensional and bulk structures are observed when the ex-
citation energy corresponds to the peak of the two-dimensional density of states
(solid line), and mainly bulk-related luminescence is visible when exciting in the
gap between the two-dimensional levels (dashed line). (b) The Landau level fan
chart of the optically active transitions observed in luminescence (crosses) and
luminescence-excitation (open circles) spectra. The size of the symbol reflects the
transition intensity. The L′01 absorption line involves the light-hole level. The
Fermi-level position is shown with the dashed line.
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Figure 6.3: (a) Solid circles: variation of the peak intensity (I ′0) of the above-
laser emission as a function off the magnetic-field-dependent filling factor ν or the
separation ∆ between the excitation- and the emission-peak energies. The peak
intensity of the L0-related luminescence (I0) is shown with open circles. Solid
lines are guides for the eye. (b) Power dependence (in relative units) of the I ′0
and I0 when exciting into the L1 level. Solid lines represent quadratic (for I
′
0)
and linear (for I0) variations.
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Figure 6.4: Probability of the Auger process WAuger from the level L1 into the
levels L0 and L2. Dashed line shows the overlap integral Φ(aB/z0).
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Figure 6.5: Magnetic field dependence of the luminescence intensities I0 and I
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0
for recombination from the Landau levels L0 and L
′
0, respectively.
Chapter 7
Magneto-transport in a
non-planar 2DEG
7.1 Introduction
The last decade has seen the many of different and creative new environments
under which quantum nanosystems with the 2DEG are investigated. Partic-
ularly, the 2DEG exposed to a homogeneous magnetic field has proved to be
an extremely rich subject for investigations in theory and experiment [19]. In
these nanosystems in addition to the lateral confinement, the carrier motion
becomes quantized also in the plane normal to the magnetic field. The quanti-
zation length is varied with magnetic field which assures an easily way to obtain
information on the properties of charge carriers. Considerable efforts have been
devoted to study transport properties in such effectively zero dimensional systems
[21, 282]. Already, a set of remarkable phenomena such as the integer and the
fractional quantum Hall effects [283], the Aharonov-Bohm effect [284, 285], and
the magneto-resistance oscillations of the 2DEG subjected to periodic electric
field weak modulations along one or two directions, also called Weiss oscillations
[286, 287, 288] (to mention just a few) has been uncovered.
In the last several years a more complex situation of the 2DEG in a non-
uniform magnetic field has attracted considerable interest [289]. Depending on
the strength of the local magnetic field, the electron motion in the plane of the
2DEG can be tuned from regular to chaotic [290, 291]. The motion of ballistic
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electrons in a periodic magnetic field is also believed to be closely related to the
motion of composite fermions in a density modulated 2DEG in the fractional QHE
regime [292, 293]. Such magnetic supersystems offer the possibility of producing
magnetic confinement. In a non-zero magnetic field region, the lowest energy state
for an electron is the lowest Landau level with energy h¯ωB (ωB is the cyclotron
frequency). In a zero-field region, the lowest energy state is zero. Therefore, when
electrons starts to move away from the zero-field region, the non-zero-field region
acts as a barrier. Moreover this barrier differs from a usual potential barrier in
two ways. First, the barrier is kinetic, i.e. the electron gains kinetic energy as the
electron overcomes the barrier. Second, tunneling through the magnetic barrier
is an inherently two-dimensional process so that the transmission probability
depends on the angle at which the electron hits the non-zero-field region. This last
property has been exploited to predict a wave-vector selective filter for electrons
[294]. Other interesting feature can manifest magnetic ”dots” coupled to the
2DEG. These dots could be used to produce magnetic fields that could confine
electrons to a disk region. Such magnetic dots could be explored as memory
elements in future electronics.
Theoretically the transport properties of a 2DEG subjected to a spatial de-
pendent perpendicular magnetic field have been addressed in several works. The
possibilities of the creation of periodic superstructures by a non-homogeneous
magnetic field have been investigated in [295, 296, 297]Distinct theoretical pre-
dictions have been achieved for the limit of a weak one-dimensional magnetic
modulation. Transport of a 2DEG in a weakly modulated periodic magnetic field
normal to the electron sheet and its collective excitation spectra have been stud-
ied in [294, 298] and [299]. The single-particle energy spectra of a 2DEG have
been calculated in a non-homogeneous magnetic field for different step-like [300],
linearly varying with position [301] and other functional magnetic field profiles
[302]. The magnetic field dependence of the conductance of a ballistic QWr [296]
and of a 2DEG through an orifice [303] has been studied. The properties of wave-
vector dependent electron tunneling [294] and electron moving [67] in step-like
magnetic structures have been investigated. Analysis of the weak localization
and calculation of the Hall and diagonal resistivities of the 2DEG in an inho-
mogeneous magnetic field have been presented in [304, 305, 306]. Quite recently
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it has been shown that the spatial distribution of electron and current densities
in a linearly varying magnetic field has very rich structure related to the energy
quantization [307].
Until recently experimental attempts to produce non-homogeneous magnetic
fields on the micrometer or nanometer scale have failed. Now, however experi-
mental groups in Germany, Japan, and the UK have succeeded in coupling the
2DEG to the non-homogeneous magnetic field. High mobility 2DEGs are formed
in standard GaAs/AlGaAs heterojunctions. The spatial modulation of the mag-
netic field is made possible by depositing patterned gates of superconducting or
ferromagnetic materials on the surface of heterostructures.
A group at the Max-Planck-Institute in Stuttgart has used ferromagnetic
dysprosium (Dy) metal stripes [308, 309], while a group at Tokyo University
has used ferromagnetic nickel gates [310] to modulate the magnetic field. The
strength of these micromagnets can be increased via an external magnetic field.
A group at Nottingham University has used a superconducting stripes on the
surface of the heterostructure [311]. Using this technique of patterned gates, it
has become possible to realize experimentally magnetic dots [312, 308].
However, such scheme of creating inhomogeneous magnetic fields has two
disadvantages: i) the variation in the magnetic field is very small in the 2DEG
plane since gates are a few hundred angstro¨ms above the plane of the 2DEG and
dies away rapidly a short distance below the gates, ii) the patterned gate layers
will also cause strain and electrostatic iii) variations which are in general stronger
than the effects of the varying magnetic field which makes it hard to attribute
effects unambiguously to the magnetic field.
Recently a research group from the Toshiba Cambridge Research Center Ltd.
and Cavendish Laboratory have reported an alternative approach to produce
spatially varying magnetic fields [58]. They have proposed to take advantage
of the regrowth technology of III − V semiconductors on patterned substrates
and offer a more flexible and potentially fruitful solution of this problem. A
remotely doped GaAs/AlxGa1−xAs heterojunction is grown over wafer previously
patterned with series of facet. The electron gas is confined to a sheet at the
GaAs/AlxGa1−xAs heteroface which is no longer planar but follows the contour
of the original wafer. The use of in situ cleaning technique enables to regrow
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uniform high quality 2DEGs over etched substrates [59, 60].
Application of a homogeneous magnetic field to this structure results a spa-
tially varying field component normal to the 2DEG. This has firstly been demon-
strated for samples with a single planar facet [58, 59, 60, 61]. Rotating the plane
of the sample allows us to find different non-homogeneous magnetic superstruc-
tures: magnetic barriers, magnetic wells and completely novel situations where
the normal component of the field changes its sign on the facet (see Fig. 7.1).
Improved control over the topography of the electron gas will allow magnetic-
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Figure 7.1: Applying a uniform magnetic field produces a spatially non-homoge-
neous field component normal to the 2DEG. Different magnetic superstructures
can be obtained, depending on the θ angle between the magnetic field and the
substrate normal, magnetic barriers (θ = 90◦), magnetic wells (θ = 0◦), and
novel situations when the normal component of the field changes its sign on the
magnetic interface.
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field variations in more than one dimension. In principle, this technique offers
the possibility of investigating the behavior of electrons in a curved quasi-two-
dimensional space, and the effects of varying that curvature. Quite recently a
theoretical study of quantum magnetic confinement and transport of electrons in
spherical and hemispherical 2DEGs has been presented [62]
Thus, using this in situ cleaning technique, we can now investigate the effect
of varying the topography of an electron gas in addition to varying the dimen-
sionality. This new technology will open up a new dimension for investigations
in nanophysics. Characterizing and understanding transport properties of mag-
netic superstructures with elementary cells containing a 2DEG with well-defined
topographical features are crucial both for the basic phenomena and device ap-
plications.
The aim of the present chapter is to investigate theoretically the magneto-
transport of the non-planar 2DEG [63, 64, 65, 66, 67] to explain recent experimen-
tal results obtained in the Toshiba Cambridge Center and Cavendish laboratory
[58, 59, 60, 61, 62]. As an example, the electric field distribution has been cal-
culated in the presence of a magnetic tunnel barrier of µm width. The system
satisfies the Poisson equation in which line charges develop at the magnetic/non-
magnetic-field interface. We have found that most of the electrons are injected
at the edges of the magnetic barrier. The magneto-resistances across the facet as
well as in the planar regions of the 2DEG have been calculated which provide an
understanding of the main features of the magnetic field dependencies observed
experimentally by M L Leadbeater et al [59]. They have constructed a non-planar
2DEG which has been fabricated by growth of a GaAs/AlGaAs heterojunction
on a wafer pre-patterned with facets at 20◦ to the substrate. Applying a uniform
magnetic field, B, produces a spatially non-uniform field component perpendic-
ular to the 2DEG (see the θ = 90◦ case in Fig. 7.1). With the field in the plane
of the substrate an effective magnetic barrier has been created located at the
facet. The resistance across such an etched facet has shown oscillations which
are periodic in 1/B and which are on top of a positive magneto-resistance back-
ground which increases quadratically with the magnetic field for small fields B
and linear in B for large B. In experiment the dimensions of the facet have been
40 µm wide and 3 µm long, the voltage probes close to the facet are situated 10
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µm apart across the facet (quod vide Ref. [59] for more details). The magneto-
resistance has been measured using also the voltage probes on the planar regions
of the 2DEG. There is no perpendicular component of the magnetic field in these
regions, however, for probes directly adjacent to the facet, a strong magneto-
resistance has been observed. Pairs of probes on opposite the sides of the mesa
and on the opposite sides of the facet have shown the same symmetry. While
there has been a pronounced asymmetry in each of traces with reversal of the
magnetic field direction.
Another motivation for our theory is the necessity of reexamining the standard
Hall analyses for very small device geometry [313, 314]. As device sizes have
shrunk to the submicron scale, it has become harder to make contact probes
small relative to the size of the sample to be characterized. Due to the very high
current densities involved, point-like contacts come to introduce their own sources
of error. Particularly, in the QHE geometry, singularities of the current density
associated with the breakdown of the QHE [315, 316]. Hall voltage distribution
has been measured in modulation-doped GaAs/AlGaAs heterojunctions while
observing the QHE [317] and has been calculated in an ideal 2DEG [318, 319]
The geometric effect of contacts has been studied by many authors [320, 321,
322, 323, 324, 325, 326] (see also the review article [327]). First such a theory
has been developed by Wick [320], who assumes that the contacts have a much
higher conductivity than the sample being measured. Therefore the contacts can
be modeled as an equipotential at the sample boundary which allow to treat
many geometries by the method of Schwartz-Christoffel mappings. These results
obtained by Wick have been applied directly to the QHE regime by Kawaji [324].
The same approach has been exploited by other authors to analyze geometric
contact effects in the QHE regimes [325, 326]. As we are aware, all of the exact
treatments except the recent work [328], treat a single isolated contact interface
which can be usefully applied to Hall bars with high aspect ratios while for
samples with lower aspect ratios this approach does not work.
Our theory presented in this work can be applied for samples with arbitrary
aspect ratios and with any number of magnetic interfaces.
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7.2 Theoretical model
To explain, qualitatively, the main features of the experimental measurements in
Ref. [59], namely the smooth background of the magnetic field dependence of the
resistance across the facet and the symmetries of the resistance traces measured
between various probes in the planar regions, we rely on a classical model since
the width of the magnetic field barrier is much larger than the magnetic length.
Recall, that the present situation is different from that of discussed in Ref. [294]
where quantum tunneling through magnetic nanostructures was treated.
Due to its topography, the non-planar 2DEG is embedded in ordinary three-
dimensional space so that the electron position is determined by three Cartesian
coordinates. In reality, however, we are dealing with a two-dimensional problem.
By a simple coordinate parameterization, the problem could be reduced to the ge-
ometry with 2D-electrons located in a (x, y)-plane and the magnetic field normal
component applied in z-direction. We take the magnetic field profile B(x) = 0
(0 < x < a and b < x < L) and B(x) = B (a < x < b) which is appropriate
to the experimental situation. Assuming the electric field and the current den-
sity to be independent on the z-coordinate, from 2D classical electrostatics we
obtain the spatial electric field distribution in the (x, y)-plane which determines
the magneto-resistance which we compare with experiment.
In a steady state, the spatial distribution of an electric current density J is
independent of time, and satisfies the discontinuity equation
div J(x, y) = 0 (7.1)
which means that total charge in any volume of the 2DEG remains constant.
The electric field E in the 2DEG in which a steady current flows is constant, and
therefore from Maxwell’s equations we have
curlE(x, y) = 0, (7.2)
i.e. it is a potential field. Eqs. (7.1) and (7.2) should be supplemented by a
system equation relating J and E. In a zero magnetic field in the most of cases
this relation is linear (Ohm’s law). In a normal quantizing magnetic field charge
carriers are moved due to the Coulomb and Lorenz forces so that the basic system
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equation is given by
J(x, y) = σE(x, y)− tan ζ(x)J(x, y)×B(x) (7.3)
where the conductivity σ = neµ is determined by the sample mobility µ (n is
the surface concentration of electrons), the spatial dependent Hall angle ζ(x) is
defined by
tan ζ(x) = σ RB B(x) (7.4)
RB is the Hall coefficient. The spatial dependent magnetic field can be expressed
by the Heaviside step function in the following way
B(x) = zˆB[θ(x− a)− θ(x− b)], θ(x) =
{
1, if x > 0,
0, if x < 0
. (7.5)
Using Eqs. (7.1) and (7.2) it is easy to show that by virtue of Eqs. (7.3), (7.4)
and (7.5), the electric field satisfies the following equation at all points within the
whole region of the 2DEG
divE(x, y) = tan δ {sin[2ζ(x)]Ey(x, y)− cos[2ζ(x)]
× Ex(x, y)}{δ(x− a)− δ(x− b)}
≡ 4πρs{δ(x− a)− δ(x− b)}. (7.6)
with δ(x) the Dirac-delta function.
At the boundary of the 2DEG, the normal component of the current density
and the tangential component of the electric field must be continuous which
follows from Eqs. (7.1) and (7.2), respectively. This means that there be no
current flow out the sides (x = −w and x = w) and no electric field parallel to the
ends (y = 0 and y = L) of the 2DEG. For the magnetic field configuration given
by Eq. (7.5), the system equation (7.2) implies that the current and electric field
make an angle 0 and ζ in the regions B = 0 and B 6= 0, respectively. Therefore
the boundary condition J = 0 on the sides of the 2DEG can be replaced by
the condition that the electric field makes an angle 0 and ζ with respect to the
sides, respectively in the regions B = 0 and B 6= 0 (see Fig. 7.2). Now it is
clear that the problem can be treated as a field problem, i.e. in order to solve
the problem, it is necessary to obtain the solution of the set of Eqs. 7.3 and 7.6
with boundary conditions shown on Fig. 7.2. Unlike to the usual type electric
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Figure 7.2: A magnetic barrier is created in a non-planar 2DEG exposed to the
uniform magnetic field. Dimensions and voltage probe locations correspond to
the experimental situation. Boundary conditions are given in terms of angle
which makes the electric field with respect to the sides and ends of the 2DEG.
The current flows between voltage probes 1 and 8.
potential problem, here boundary conditions do not involve specifications of the
potential or its normal derivative but of the electric field angle with respect to
the boundary of the 2DEG.
When the electric field represented as the gradient of a potential function it
satisfies the 2D Laplace equation in the separate planar and non-planar regions
of the 2DEG. However, this potential does not satisfy the Laplace equation in
the whole 2DEG region. It satisfies the Poisson equation with a non-trivial right
side part which is determined by the field itself. Thus at the magnetic interfaces
y = a and y = b there is an accumulation of linear charges with a charge density
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ρs.
Direct way to solve the such electric potential problem is to obtain the so-
lutions of three Laplace’s equations separately in the both planar and in the
non-planar regions, introducing additional four unknown angles which the elec-
tric field makes on both sides of the magnetic interfaces with respect to the
normal of the interfaces. Then using the continuity of the normal current and
the tangential field components we have to match these solutions and eliminate
these four angles. However, because of a singularity of the electric field at the
magnetic interfaces, inconveniences occur in such procedure (see also Ref. [328]).
To get round this difficulty, first we have solved directly Laplace’s equation for
whole region of the 2DEG, i.e. taking ρs = 0 in Eq. (7.6) with the same boundary
conditions specified above on Fig. 7.2. Then, we have included the line charges at
y = a and y = b which implies that the electric field exhibits jumps at these points
and we have modified the solution of the Lalace equation such that it satisfies the
Poisson equation corresponding to Eqs. (7.2) and (7.6). To construct the solution
of the 2D Laplace equation, the conformal mapping method [329] has been ex-
ploited. From the Cauchy-Riemann conditions it follows that the desired electric
field related to the complex field via E′ = iE ′x+E
′
y is solenoidal and irrotational,
i.e. there is a complete correspondence between plane electrostatics field and reg-
ular functions. If the geometry of the 2DEG were that of including rectangular
shown in Fig. 7.3 then the boundary conditions would be satisfied by a uniform
electric field, E = yˆE0. Therefore, if we let −E ′(z) = λdw(z)/dz = exp[f(z)] (λ
is an arbitrary constant which should be determined by the potential difference
between the ends of the 2DEG) then in order to map the rectangle into the such
parallelogram in complex plane w(z) shown in the upper picture in Fig. 7.3, it is
necessary to find an analytical function f(z) whose imaginary part satisfies the
boundary conditions:
Imf(z) = 0 on the ends of the 2DEG,
Imf(z) = 0 or ζ on the sides of the 2DEG. (7.7)
Using the conformal mapping ξ(z), we map the rectangular domain of the 2DEG
in the complex z = x + iy plane onto the upper half plane of the Imξ > 0 such
that the boundary of the rectangle goes into the real axis (the lower picture in
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Figure 7.3: Conformal mapping w(z) of the rectangular domain of the 2DEG
onto the domain of a parallelogram form where boundary conditions are satisfied
by a uniform electric field (the upper picture). Conformal mapping ξ(z) of the
rectangular domain of the 2DEG onto the upper half plane of the Imξ > 0 such
that the perimeter of the rectangle goes into the real axis (the lower picture).
Fig. 7.3). This is accomplished by the Jacobi elliptic function, ξ(z) = sn(z/c,m)
where the constant c = L/K ′(m) = w/K(m) and m are determined by the
sample aspect ratio, K and K ′ are the complete elliptic integrals of first kind
[330], 2w is the width of the 2DEG. Thus the problem is reduced to the standard
electrostatics problem of finding the potential for the upper half plane bordered
by electrodes represented by the open intervals along real axis Imξ = 0:
(−∞,−sn(1, β)) ; (−sn(1, β),−sn(1, α)) ;
(−sn(1, α), sn(1, α)) ; (sn(1, α), sn(1, β)) ; (sn(1, β),∞) (7.8)
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where α = a/L and β = b/L, and
sn(x, y) ≡ sn (K(m)x+ iK ′(m)y, m) . (7.9)
Here the normalized length and width variables y and x, respectively, are in-
troduced so that y ÷ (0, 1), x ÷ (−1, 1). These electrodes are at the respective
potentials 0; ζ, 0, ζ, 0 determined by the boundary conditions. Using the Poisson’s
integral formula of the Dirichlet’s problem for the upper half plane, the electric
field has been obtained which satisfies to the 2D Laplace equation
E′(x, y) =
(
[sn(x, y) + sn(1, α)][sn(x, y)− sn(1, β)]
[sn(x, y)− sn(1, α)][sn(x, y) + sn(1, β)]
)δ/pi
(7.10)
For the a = 0 and b = L limiting case, Eq. (7.10) gives the electric field distribu-
tion for a uniform magnetic field in terms of the Jacobi elliptic functions which
is in agreement with that of obtained in Ref. [325] in the form of an expansion
into hyperbolic functions. The field (7.10) has singularities in the corners of the
magnetic interfaces. The same behavior exhibits the electric field in the Hall
effect regime. In both cases an analytic function changes its phase from 0 to ζ in
one point which results a power-law singularity of this function at that point.
The above field E ′ does not conserve current and the normal component of ~J
jumps at the magnetic interfaces. We can remedy this as follows: in the planar
regions the real electric field ~E(x, y) is given by Eq. (7.10) while in the non-planar
region, due to the jump of the y-component of the field, we have
Ey(x, y) =
1
cos2 ζ
Re ~E ′(x, y)− tan ζ Im ~E ′(x, y), Ex(x, y) = Im ~E ′(x, y). (7.11)
The above equation together with the auxiliary Eq. (7.10) gives the solution of
our problem and satisfies the Poisson equation corresponding to Eqs. (7.2) and
(7.6). Now it is clear that in the whole region we have Jn( ~E) = σE
′
n, and since
div ~E ′ = 0, the current is conserved at the magnetic interfaces.
7.3 Results and Discussion
The spatial distributions of the argument Arg ~E(x, y) and the absolute value
Abs ~E(x, y) of the electric field ~E(x, y) in the neighborhood of the facet are
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Figure 7.4: Spatial distribution of the argument (in units of π) of ~E for the facet
situated between the points 498.5 and 501.5 µm. L = 1000 µm, 2w = 40 µm,
B = 1 T.
shown in Figs. 7.4 and 7.5. One can see that both components of the electric
field are small outside the facet region. The field exhibits power law singularity
in the diagonally opposite corners of the facet while in the two other corners
~E(x, y) = 0. Near the sides of the planar and non-planar regions, Arg ~E(x, y)
is near to zero and ζ , respectively. Arg ~E(x, y) has local maximum along the
y-axis near the edges of the magnetic barrier and sharply drops at the magnetic
interface remaining near to zero in the whole non-planar region. The current
flows between the ends of the 2DEG crossing the magnetic interfaces mainly in
the singular points, i.e. it passes along the points for which Arg ~E(x, y) is close
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Figure 7.5: Spatial distribution of the absolute value of ~E for the facet situated
between the points 498.5 and 501.5 µm. L = 1000 µm, 2w = 40 µm, B = 1 T.
to zero. Electrons entering or exiting the small regions of the facet corners will
have large velocities proportional to the electric field at these locations to account
for current conservation with a large number of electrons drifting with slow and
uniform velocities in the middle of the facet were the electric field is smaller and
uniform. Such an electric field distribution differs from the one in a uniform
magnetic field.
The magneto-resistance is determined by the electric field edge profile which
is shown in Fig. 7.6 for different values of the magnetic field. The magnetic field
dependence of the magneto-resistance across the facet is shown in Fig. 7.7. The
classical origin of the positive background has been confirmed experimentally
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Figure 7.6: The electric field profile at the edge of the 2DEG for different values
of the magnetic field.
where it has been found that it persists at temperatures higher than 100 K.
Note that experimental configuration is effectively a two terminal measurement
where the measured resistance is determined both by the Hall resistance and
magneto-resistance. For small magnetic fields the Hall resistance is small and
thus the resistance is determined by the magneto-resistance and consequently
the resistance increases as B2. For larger magnetic fields a quasi-linear behavior
of the resistance as a function of B is found which is due to the fact that now it is
Hall resistance which mainly limits the current. However, the resistance increases
from 13.2 to 1020.8 Ω when B : 0→ 10 T, which is approximately four times less
than observed experimentally. The reason for such a difference could be the low
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Figure 7.7: Magneto-resistance across the facet corresponding to for L(3 − 4) =
255 µm, L(5 − 6) = 220 µm, and L(2 − 3) = 200 µm.
ratio of the facet (3 µm) to the mesa (1000 µm) length. The figure Fig. 7.8 shows
the magneto-resistance calculated in the planar regions. The top two curves are
the resistance for probes above the facet on the left (12-13) and right (3-4) of the
mesa and the center two curves show the pairs (10-11) and (5-6) below the facet
(see Ref. [59]). In agreement with the experiment, pairs of probes on opposite
sides of the mesa and on opposite sides of the facet show the same symmetry while
there is a strong asymmetry in each of the traces with reversal of the direction of
the magnetic field. These results agree qualitatively with experiment but there
are problems with the quantitative values of the resistance. The main variation of
the resistance takes place for small B and the magnitude of the variation strongly
decreases with distance from the facet. Therefore, in the scale of Fig. 7.8 one
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Figure 7.8: Magneto-resistance in the planar regions corresponding to for L(3 −
4) = 255 µm, L(5 − 6) = 220 µm, and L(2− 3) = 200 µm.
cannot see the resistance variation for probes (2-3) situated 300 µm away from
the facet.
Chapter 8
Summary
Carrier interaction with phonons, photons, impurities, and electrons have been
addressed in semiconductor nanoscale systems with carrier confinement in one
and two dimensions subjected to quantizing magnetic fields and without it. Most
importantly, our calculations allow to better understand phonon signature in
optical, thermalization, and transport experiments that can be used to identify
and characterize the basic phenomena of quantum confinement in these quantum
nanostructures.
• In the frames of the polaron problem, the peculiarities of the magneto-
polaron spectrum near the longitudinal optical phonon emission threshold
have been investigated in the 2DEG in the QHE geometry. In spite of
weak electron-phonon coupling, an infinite set of new complex quasiparti-
cles, electron-phonon bound states, exists in the magneto-polaron spectrum
which is coagulated to the threshold both above and below from it [38, 39].
• The fine structure of cyclotron-phonon resonance due to the electron-phonon
bound states has been revealed [40]. Absorption of the electromagnetic
field entirely governed by the bound states with the total angular momen-
tum ±1. According to the perturbation theory, photon absorption was to
be expected at the phonon emission threshold. In reality, the absorption
spectrum consists of two groups of peaks which constitute an asymmetric
”doublet” relative to the threshold.
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• A new method for calculating the probability of electron scattering from
the deformation potential of acoustic phonons has been proposed [41]. Such
a probability summed over all phonon modes of the layered elastic medium
is expressed in terms of the elasticity theory Green function which contains
all information about structure geometry.
• Exploiting this method, the relaxation rates for a Fermi 2DEG located in
the vicinity of an interface between elastic semi-spaces have been calculated
[43]. Analysis of limiting cases for an interface between solid and liquid
semi-spaces, for a free and rigid surfaces has shown that there are situations
when the phonon reflection from various interfaces alters the energy (or
electron temperature) dependence of the relaxation times and leads to a
strong reduction of the relation rates.
• The interface effect is obtained to be highest in quantizing magnetic fields
[45] since the 2DEG interacts with almost monochromatic cyclotron phonons
in this case. The electron transition probability between discrete Landau
levels of the 2DEG has an oscillating behavior of the magnetic field and of
the distance from the 2DEG to the interface.
• In quantizing magnetic fields, scattering from the piezoelectric potential of
acoustic phonons is strongly suppressed with respect to the deformation
interaction mechanism [46].
• Emission of ballistic acoustic phonons at electron transitions between fully
discrete Landau levels in a 2DEG with account of the phonon reflection
from a GaAs/AlGaAs type interface has been studied [49, 50]. In accor-
dance with the experimental results, the angular distribution of emitted
phonons has a sharp expressed peak for small angles around the magnetic
field. Account for the interface effect affects essentially the intensity and the
composition of the detected phonon field. Under the deformation electron-
phonon interaction on the sample reverse face, the detector records both
the interference field of the LA phonons and, which is most intriguing for
experiment, the conversion field of the TA phonons [49]. Emission of sur-
face acoustic phonons is suppressed exponentially in a wide range of the
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magnetic field variation [50].
• Polar optical PO-phonon assisted electron relaxation in the 2DEG in the
QHE geometry has been calculated [48]. The surface optical SO phonon re-
laxation has been obtained to be at least by an order weaker than relaxation
via bulk PO phonon emission. Account for the Landau level broadening
and for the PO phonon dispersion results to the finite relaxation rates asso-
ciated with one-phonon emission. The dispersion contribution gives rise to
a sharp peak with the peak value approximately 0.17 fs−1. The broadening
contribution has a rather broad peak with relatively lower peak value.
• Two-phonon emission is a controlling relaxation mechanism above the phonon
energy h¯ωPO [48]. Immediately above h¯ωPO, the PO+DA phonon relax-
ation rate increases as a B5 achieving to the peak value exceeding 1 ps
−1 at energy separations of the order of h¯s/aB . In the energy range
sa−1B <∼∆lωB − ωPO<∼sd−1, the two-phonon peak decreases linearly in B.
so that within the wide energy range of the order of h¯ωB, subnanosecond
relaxation between Landau levels can be achieved.
• We have calculated the inter edge state scattering length for an arbitrary
confining potential [51, 52]. Phonon (deformation acoustic DA and piezo-
electric PA interactions) and impurity scatterings are discussed and analyt-
ical expressions are derived. As follows from energy and momentum con-
servation, only phonons with frequencies above some threshold can partici-
pate in the transitions between edge states. As a result, phonon scattering
is exponentially suppressed at low temperatures. The observed tempera-
ture dependence of the scattering length cannot be attributed to phonon
scattering.
• Ballistic acoustic phonon emission (both for DA and PA interactions) by
quantum edge states has been investigated [54, 53]. At low temperatures
the emitted acoustic phonon field is predominantly concentrated within a
narrow cone around the direction of the edge state propagation, while at
high temperatures – around the magnetic field normal to the electron plane.
At low temperatures the emission intensity decreases exponentially with
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decreasing filling of Fermi level. The relative contributions of PA and DA
interactions depend on the magnetic field, the shape of confining potential,
and temperature.
• In recent magneto-luminescence experiments by Potemski et al. [55, 56] on
one-side modulation doped GaAs/AlGaAs quantum wells, an up-conversion
has been observed and interpreted as being due to an Auger process. We
have developed a theory of Auger up-conversion in quantum wells in quan-
tizing magnetic fields to explain these experimental results [57, 46]. We
have calculated the characteristic times of electron-electron scattering pro-
cesses between Landau levels of the lowest electric subband and of electron-
acoustic phonon scattering between Landau levels of the two lowest electric
subbands as well as the lifetime of a test hole with respect to both the
Auger process and phonon emission. By analyzing rate equations for these
processes as well as for the pumping by interband excitation and the recom-
bination of electrons with photo-induced holes, we have found the Auger
process time. As well the magnetic field and the excitation power depen-
dencies of the two luminescence peaks have been obtained which are consis-
tent with the experimental findings. Thus, an understanding of the Auger
up-conversion observed in the magneto-luminescence in quantum wells is
provided.
• Recently a research group from the Toshiba Cambridge Research Cen-
ter Ltd. and Cavendish Laboratory have proposed a new technique to
produce non-homogeneous magnetic fields [58, 59]. A remotely doped
GaAs/AlxGa1−xAs heterojunction is grown over wafer previously patterned
with series of facet. The 2DEG is no longer planar but follows the contour
of the original wafer. Application of a homogeneous magnetic field to this
structure results a spatially varying field component normal to the 2DEG.
We have investigated theoretically the magneto-transport of the non-planar
2DEG [63, 64, 65, 66, 67]. The magneto-resistance across the facet as well
as in the planar regions of the 2DEG has been calculated which explain the
main features of the magnetic field dependence observed experimentally by
M L Leadbeater et al [59, 60].
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Appendix A
In this appendix we collect in a table some physical and material parameters for
GaAs/AlxGa1−xAs heterojunction based quantum nanostructures.
Table A.1: Some physical and material parameters used in the dissertation.
Physical and material parameters GaAs
Electron effective mass, mc mc = 0.066me
1
Crystal mass density, ρ[kg m−3] ρ = 5.31 · 10−3
Long. ac. LA ph. vel. av. in angles, s[m s−1] s = 5.14 · 103
Trans. ac. TA ph. vel. av. in angles, c[m s−1] c = 3.13 · 103
Cyclotron energy, h¯ωB[meV] 1.75B[T]
Magnetic length, aB[nm] 25.66B
−1/2[T]
Landau level degeneracy, (2πa2B)
−1[m−2] 2.417 · 1014B[T]
Energy scale, h¯s/aB[meV] 0.13B
1/2[T]
Energy scale, h¯s/d[meV] 3.37/d[nm]
Subband spacing, h¯
2
2mc
pi2
d2
[meV] 3.76me
mc
10
d[nm]
2
AlxGa1−xAs
x = 0 x = 0.3 x = 1
High frequency dielectric constant, κ∞ 10.9 12.0 8.5
Long. opt. LO ph. energy, h¯ωLO[meV ] 36.62 49.80 50.00
Trans. opt. TO ph. energy, h¯ωTO[meV ] 33.30 45.10 44.90
34.57 34.82
Surf. opt. SO ph. energy, h¯ωSO[meV ] 47.87 47.49
αPO αSO/αPO
Fro¨lich coupling constant 0.07 1.96 1.95
0.044 0.035
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Appendix B
The integrals Φm in Eqs. (3.76) are given explicitly by the following formulas.
For the solid state-liquid contact
Φˆm(ξS, ν, µ, δ, r) = Φˆ
B1
m (ν, µ, δ) + Φˆ
B2
m (ν, µ, δ) + Φˆ
L
m(ν, µ, δ) + Φˆ
S
m(ξS, ν, µ, δ, r)
(B.1)
where
ΦˆB1m =
22+m
π
∫ 1
0
dt t2m
(
δ ν4√
µ2−t2
+ 4 t2
√
ν2 − t2
)
(ν2 − 2 t2)2 + δ ν4
√
1−t2√
µ2−t2
+ 4 t2
√
1− t2√ν2 − t2
, (B.2)
ΦˆB2m =
22+m
π
∫ ν
1
dt t2m
(
δ ν4√
µ2−t2
+ 4 t2
√
ν2 − t2
)
(ν2 − 2 t2)2
(
δ ν4
√
t2−1√
µ2−t2
+ 4 t2
√
t2 − 1√ν2 − t2
)2
+ (ν2 − 2 t2)4
,(B.3)
ΦˆLm =
22+m
π
∫ µ
ν
dt t2m
δ ν4√
µ2−t2
(ν2 − 2 t2)2
(
4 t2
√
t2 − 1√t2 − ν2 − (ν2 − 2 t2)2
)2
+ δ2 ν8 t
2−1
µ2−t2
(B.4)
ΦˆSm = 2
2+m
(
ξS
ν
)2m (qS − δ ξS44 r
)
(pS−qS )2
pS qS
+ 2 (pS − qS ) qS + δ (pS 2−r2) ξS
4
4 pS r3
. (B.5)
For the free crystal surface
Φˆm(ξR, ν) = Φˆ
B1
m (ν) + Φˆ
B2
m (ν) + Φˆ
R
m(ξR, ν) (B.6)
where
ΦˆB1m =
22+m
π
∫ 1
0
dt t2m
4 t2
√
ν2 − t2
(ν2 − 2 t2)2 + 4 t2√1− t2√ν2 − t2 , (B.7)
ΦˆB2m =
22+m
π
∫ ν
1
dt t2m
4 t2 (ν2 − 2 t2)2√ν2 − t2
(ν2 − 2 t2)4 + 16 t4 (ν2 − t2) (t2 − 1) , (B.8)
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ΦˆRm = 2
2+m
(
ξR
ν
)2m
pR qR
2
2 pR (pR − qR) qR2 + (pR − qR)2
. (B.9)
For the rigid boundary
Φˆm(ν) = Φˆ
B1
m (ν) + Φˆ
B2
m (ν) (B.10)
where
ΦˆB1m =
22+m
π
∫ 1
0
dt t2m
√
ν2 − t2
t2 +
√
1− t2√ν2 − t2 , (B.11)
ΦˆB2m =
22+m
π
∫ ν
1
dt t2m
t2
√
ν2 − t2
t4 + (ν2 − t2) (t2 − 1) . (B.12)
In formulas (B.1)-(B.12) following notations are introduced
δ =
ρ′
ρ
, µ =
s
s′
, ξS =
cR
c
, (B.13)
q =
√
1− ξ2, p =
√
1− c
2 ξ2
s2
, r =
√
1− c
2 ξ2
s′2
. (B.14)
In the case of the solid state-liquid contact, when the densities of the contacted
semi-spaces differ strongly, we can calculate Φˆm for the extreme value of the
parameter ν = 1
Φˆ0 = 1 + 2δ(1− 2µ2 + 3µ4/2), ΦˆS0 = 0, (B.15)
Φˆ0 = 1 + 2δµ
2(1− 3µ2 + 5µ4/2), ΦˆS1 = 0. (B.16)
Notice that in this case, relaxation is determined by the bulk and ”leaky” waves.
The contribution of the ”leaky” waves is proportional to δ ≪ 1.
For a free crystal surface taking ν = 0.59 [136] for GaAs, we obtain from
the dispersion equation of the Rayleigh waves that ξR ≈ 0.917. Then numerical
evaluation of (B.6)-(B.9) gives:
ΦˆB10 ≈ 0.625, ΦˆB20 ≈ 0.297, ΦˆR0 ≈ 1.706, Φˆ0 ≈ 2.628, (B.17)
and
ΦˆB10 ≈ 0.873, ΦˆB20 ≈ 0.954, ΦˆR0 ≈ 0.999, Φˆ0 ≈ 2.826. (B.18)
Thus, we see that in the case of energy relaxation, the largest contribution comes
from the surface Rayleigh waves while in the case of momentum relaxation, con-
tributions of different phonon modes differ slightly.
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Similar calculations for the rigid boundary give
ΦˆB10 ≈ 1.265, ΦˆB20 ≈ 0.452, Φˆ0 ≈ 1.717, (B.19)
and
ΦˆB11 ≈ 0.852, ΦˆB21 ≈ 1.407, Φˆ1 ≈ 2.259. (B.20)
In this case the interface effect is stronger for momentum relaxation.
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